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Abstract

The problem of determining nice (regular, simple, minimum crossing, and monotonic) and
non-degenerate (with distinct x-coordinate, non-collinear, non-cocircular, and non-parallel)
orthogonal and perspective images of a set of points or a set of disjoint line segments has been
studied extensively in the literature for the theoretical case of infinite resolution images [J. Vis.
Commun. Image Represent. 10 (2) (1999) 155; Int. J. Math. Algorithms 2 (2001) 227; J. Vis.
Commun. Image Represent. 12 (4) (2001) 387; J. Vis. Commun. Image Represent.]. In this
paper we propose to extend the study of this type of problems to the case where the images have
finite resolution. Applications dealing with such images are common in practice, in fields such
as computer graphics and computer vision. We derive algorithms that solve three related prob-
lems, both exactly and approximately. Given a set P in the plane or in the space, find a grad-
uated line, a line partitioned into unit length intervals, so that the maximum number of points
of P that are projected into a single interval is minimized. In space we also study the variant
where we want to project P onto a graduated plane, a plane partitioned into unit squares.
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1. Introduction

An object in two-dimensional and three-dimensional space is often represented by
a set of points and line segments that act as its features. An optimal projection of an
object is one that gives an image in which the features of the object, relevant for some
task, are visible without ambiguity so that the image is as simple and readable as pos-
sible: no two points are projected to the same point, the projection of a segment is
not reduced to a point, the number of crossings of the projection of a set of segments
is minimum, no two projected points have the same x-coordinate, no three projected
points are collinear, no four projected points are cocircular, no two projected seg-
ments are parallel, etc. The terms nice and non-degenerate projections refer to these
requirements and to many others. The problem of determining nice and non-degen-
erate orthogonal and perspective projections of sets of points and disjoint line seg-
ments has been studied extensively in the literature for the theoretical case of
infinite resolution images [3,6–8].

In the finite resolution model a d-dimensional point projects onto a cell (pixel) of a
regular grid (all cells are disjoint but identical k-dimensional hypercubes, for k < d).
For clarity, when the dimensionality of the grid is important, we explicitly refer to
the grid as a graduated line or graduated plane, for example.

In this paper we consider orthogonal projections only. Furthermore, without loss
of generality, we assume unit size grid cells (hypercubes of side length equal to one).
Other cell sizes can be reduced to unit cells by scaling the input set about the origin.
We study the problem of finding orthogonal projections that minimize the maximum
number of points that project to the same grid cell. Specifically, we present both
exact and approximation algorithms for the following problems:

1. Given a set of points in R2, determine a graduated line ‘ in R2 such that the max-
imum number of input points that project to the same cell of ‘ is minimum (or
within a small factor of the minimum).

2. Given a set of points in R3, determine a graduated line ‘ or graduated plane p in
R3 such that the maximum number of input points that project to the same cell of
‘ or p is minimum (or within a small factor of the minimum).

We make no assumptions about the precision of the input points. This precision
can be lower or higher (in principle, even infinite) than the precision of the output
projections, as our approach does not depend on the precision of the data. The latter
could well change, for instance, due to improved methods of data acquisition, using
higher resolution data types, etc., while the resolution of the output images remains
the same.

Definition 1.1. Let d and k be positive integers such that k < d. An instance of the
P(d,k) problem is a set of points P in Rd . A solution to this instance is a
k-dimensional graduated hyper-plane p such that the maximum number m of points
of P projected to the same cell of p is minimal. We refer to m as the cost of the
solution.
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Other optimization problems related to projections of a point set onto a gradu-
ated line or graduated plane and depending on the number of points projected in
each cell can be solved with the same approach that we use to solve problems 1
and 2.

In [1,2] a similar, but different problem is studied. Given a set of points in the
plane the problem is to find an optimal set of b equally spaced parallel lines such that
the maximum number of points in a region bounded by two consecutive lines is min-
imized. In [4] a regular grid is considered. Notice that for these problems, unlike
ours, the distance between adjacent parallel lines is not fixed beforehand.
2. Two-dimensional case

The graduated line ‘ = ‘ (h,u,v) is the line obtained from the x-axis by composing
a rotation by angle h 2 [0,p) around the origin o with a translation by vector (u,v).
The point (u,v) is called the origin of the graduated line (see Fig. 1). Each number
z 2 Z defines a cell cz = [lz, rz) in ‘ that is obtained from cell [z,z + 1) of the x-axis
by the composite transformation described above.

In the finite resolution model the projection of a point p onto the line ‘ is the cell c
of ‘ that contains the intersection p* between the line ‘ and the line through p orthog-
onal to ‘ (Fig. 2).
Fig. 1. Graduated line.

Fig. 2. Projections in the finite resolution model.



Fig. 3. Buckets.
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A region of the plane bounded by two lines orthogonal to ‘ through consecutive
cell boundaries is called a bucket and the participating lines are the bucket boundaries
(see Fig. 3). Equivalently, a bucket is the locus of points in the plane that project to
the same cell.

Remark 2.1. Let ‘ be a graduated line with unit normal n and unit direction vector
d. Let ‘0 be the graduated line obtained by translating ‘ by zd + rn, for any z 2 Z and
r 2 R. Then lines ‘ and ‘0 determine the same bucket sets.
Definition 2.1. Two graduated lines whose bucket sets produce exactly the same
partition of a point set P are said to be equivalent with respect to P.

A solution to an instance P of P(2,1) is a graduated line ‘ that minimizes the max-
imum number of points of P in a bucket determined by ‘. Clearly, if ‘ is an optimal
solution so is any graduated line equivalent to ‘.

Lemma 2.1. Let ‘ be a solution to an instance P of P(2,1). There exists a graduated

line ‘0 equivalent to ‘ such that a point of P lies on the boundary of a bucket of ‘0.
Proof. Let P ¼ fp1; . . . ; png be a point set. For 1 6 i 6 n let p�i denote the projection
of pi onto ‘, and di, the distance from p�i to the left endpoint li of the cell containing
p�i . Suppose that dj = min16i6n{di}. Then the translation that moves point lj to point
pj transforms line ‘ to the desired line ‘0. h

Our algorithm to solve P(2,1) is based on two key ideas:

(1) As a consequence of Lemma 2.1, we only need to consider graduated lines that
have a bucket boundary passing through a point pi of P. Furthermore, from Remark
2.1, we can assume that pi is the origin of the graduated line.
(2) Let ‘ be a graduated line with origin pi. Every rotation of ‘ by an angle h about its
origin produces a partition of P into buckets. Since ‘ = ‘ (h,u,v) and ‘ = ‘ (p + h,u,v)
produce equivalent partitions, it suffices to consider angles in [0,p). A radial sweep of ‘
about pi produces a finite number of different partitions ofP. As ‘ rotates from h = 0 to
p, the current partition changes only at angles where the left boundary line of a bucket



Fig. 4. For angle h point pj changes of bucket.
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passes through a point pj ofP, pj „ pi. At this instant, pj changes from one bucket to the
adjacent one (see Fig. 4). Consequently, in searching for the optimal solution for a fixed
origin, it suffices to examine the finite collection A of these angles.

The algorithm, which we call MGL2, proceeds in two steps:

(1) For each point pi of P perform a radial sweep around pi to find the graduated line
‘i with origin pi that minimizes the maximum number of points of P that fall in the
same bucket. Call this minimum number mi.
(2) Report the line ‘ that corresponds to min{m1, . . . ,mn}.

We now elaborate on Step 1. Consider the iteration with the sweep centered at pi.
Without loss of generality assume that pi = o = (0,0) as, otherwise, a simple transla-
tion of P makes this true. Let C (p, r) denote the circle of radius r centered at p, and
‘ (k,h), the line obtained by rotating the boundary line x = k about o by angle h. We
wish to determine the value(s) of h for which an input point pj lies on ‘ (k,h). Each
such value corresponds to an event of the sweep. Note that if d (o,pj) < k the rotated
line cannot possibly contain pj. Otherwise, the above equation has one or two solu-
tions, depending on whether pj lies on the boundary or outside, respectively, of the
circle C (o,k). In fact, the solutions correspond to the lines through pj tangent to the
circle. The points of tangency (hence the values of h) can be found as the intersection
of the circle C (pi,k) with circle Cðm; 1

2
dist ðpi; pjÞÞ where m is the midpoint of segment

pipj, as illustrated in Fig. 5. Note that we may substitute h by h � p if h P p as the
sweep is performed in the range [0,p).

This procedure, which yields at most two events, is repeated for integer values of k
that satisfy |k| 6 dist (pi,pj). Once all events have been collected they are processed in
ascending order by h. Before the first event, the ‘‘status’’ of the sweep is initialized by
computing the number of points that belong to each bucket for a graduated line with
h = 0 and the largest such count is identified. Each event modifies the status by
updating these bucket counts and computing the largest count. The minimum mi

of these counts corresponds to the best graduated line ‘i centered at pi. The complete
algorithm is described in Fig. 6.



Fig. 5. Tangent lines between an input point pj and a circle correspond to boundary lines which, when
rotated, contain pj; (A) one solution and (B) two solutions.
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The complexity of MGL2 is dominated by the sorting step of line 13. Each
execution of this step requires OðjAj log jAjÞ time and OðjAjÞ space. If ti = max16j6n

{dist (pi,pj)}, then jAj ¼ OðtinÞ and the ith iteration of the algorithm requires O(tin
log tin) time. Thus, the total execution time is O(tn2 log tn), where t = max{ti} is
the diameter of P. The space required is O(tn). We have proven the following:

Theorem 2.1. An instance P of problem P(2,1) can be solved in O(tn2 log tn) time and
O(tn) space, where t is the diameter of P.
Fig. 6. Algorithm for solving an instance of P(2,1). A bucket is denoted by the x-coordinate of its left
boundary line before rotation.
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2.1. Approximate solutions to P(2,1)

In this section we describe approximation algorithms that compute answers that
are guaranteed to be within a small constant factor of the optimal.

When the origin (u,v) of the graduated line is fixed, and the only degree of free-
dom is the rotation angle h, we obtain a restricted instance AP(2,1) of problem
P(2,1). When the angle h of the projection line is fixed, but we are allowed to shift
the projection line over itself, we obtain a restricted instance SP(2,1) of problem
P(2,1). It is natural to consider solutions to the restricted instances AP(2,1) and
SP(2,1) as approximations to the solution of P(2,1).

The solution to problem AP(2,1) can be obtained by performing one iteration of
Step 1 of MGL2, using p = (u,v) (instead of pi) as the designated origin.

Theorem 2.2. An instance of problem AP(2,1) can be solved in O(tn log tn) time and
O(tn) space, where t = max16j6n{dist (p,pj)}.

Let us consider problem SP(2,1), whose solution is simplified by the following
simple observation:

Remark 2.2. Shifting a graduated line ‘ by s is equivalent to shifting it by smod1.

Remark 2.2 allows us to concentrate on positive shifts smaller than 1 (the pixel
size) when solving SP(2,1). A simple algorithm is obtained as follows. Without loss
of generality assume that h = 0, i.e., that we are projecting onto the x-axis. We can
start with an arbitrary graduated line ‘0, say, ‘0 = ‘ (0,0,0). Let x�i denote the x-co-
ordinate of the projection p�i of pi and Di ¼ x�i mod1. In other words, Di is the dis-
tance from p�i to the left boundary of its pixel on l0. For notational convenience, we
define D0 = 0 and Dn+1 = 1. Sort ÆD1, . . . ,Dnæ in ascending order and relabel the val-
ues so that i < j ) Di 6 Dj. Now let ‘i = ‘ (0,Di, 0), i.e., the line obtained from ‘0 by
shifting it Di units to the right. In turn and in order, compute the cost of ‘1, then the
cost of ‘2, and so on to ‘n, keeping track of the minimum which is reported at the
end.

Remark 2.3. Let Di 6 d < Di+1, 0 6 i 6 n. Then, line ‘ (0,d, 0) is equivalent to line
‘ (0,Di, 0).

This remark implies that if we gradually and continuously shift ‘0 to the right,
changes to the partition into buckets of P occur only when shifting by some Di. In
other words, it suffices to consider shifts D1, . . . ,Dn when looking for an optimal an-
swer. This, in turn, implies that the algorithm is correct.

Remark 2.4. The cost of ‘ (0,Di+1,0) can be computed from the cost of ‘ (0,Di, 0) in
O(1) time.

If no two Di�s are the same, only one point changes buckets when comparing the
partition of ‘ (0,Di+1,0) with that of ‘ (0,Di, 0). Otherwise, the cost of computing
‘ (0,Di, 0) can be easily amortized among multiple shifts with the same value to yield
the required result. This remark implies that the algorithm is efficient. The most
expensive step is sorting the candidate shifts.
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We have proven the following:

Theorem 2.3. An instance of problem SP(2,1) can be solved in O(n logn) time.

An interesting property of problem SP(2,1) is that the costs of any two candidate
graduated lines cannot differ by more than a factor of 2.

Lemma 2.2. Let ‘ be a projection with cost C and let C0 be the cost of a projection ‘0

obtained by shifting ‘ by an arbitrary amount. Then, 1
2 6

C0

C 6 2.
Proof. It suffices to concentrate on positive shifts smaller than the pixel size.
This means that, after an arbitrary shift, the worst thing that can happen is that
the contents of two buckets are combined into one, thus at most doubling the
cost of the more expensive of the two. Since no bucket contains more than C

points, we have C0
6 2C. Conversely, the cost of a bucket could be reduced

by shifting. For some 0 6 i 6 j, a bucket with j points will contribute, after
shifting, i and j � i points, respectively, to two neighboring buckets. This implies
that for some 0 6 i 6 C, C0 P max(i,C � i) P ØC/2ø which completes the
proof. h

An interpretation of this lemma suggests that in solving P(2,1), it is more impor-
tant to find a good angle than it is to find a good shift. We now prove:

Theorem 2.4. Let C be the cost of an optimal solution to an instance P of P(2,1) and
let t denote the diameter of P. There is an algorithm that runs in O(tn log tn) time that
finds an answer with cost no bigger than 2C.
Proof. Let ‘ = ‘ (h,u,v) be an optimal solution to P(2,1). Let ‘i = ‘ (ai,xi,yi) be the
best solution found during the ith iteration of Step 1 of algorithm MGL2, i.e., while
using (xi,yi) as the pivot point. Clearly, cost (‘i) 6 cost (‘ (h,xi,yi)) as ‘i is optimal for
pivot (xi,yi). Furthermore, for some s P 0, there is a line ‘0 = ‘ (h,xi + scosh,yi +
s sinh) which is equivalent to the optimal ‘. Since the supporting lines of ‘ (h,xi,yi)
and ‘0 are one and the same, Lemma 2.2 implies that cost (‘ (h,xi,yi)) 6 2cost (‘0).
Thus, we have cost (‘i) 6 cost (‘ (h,xi,yi)) 6 2cost (‘0) = 2cost (‘). h

Notice that most of the useful work of MGL2 is already done during the first iter-
ation! Later iterations can only yield small improvements, if any.
3. Three-dimensional case

3.1. Graduated lines

The graduated line ‘ = ‘ (h,u,u,v,w) is the line obtained from the x-axis by com-
posing a rotation by angle p � u, u 2 [�p/2,p/2] around the y-axis, a rotation by
angle h, h 2 [0,2p] around the z-axis and a translation by vector (u,v,w). The point
(u,v,w) is called the origin of the graduated line ‘. Each number z 2 Z defines a cell
cz = [lz, rz) in ‘ that is obtained from cell [z,z + 1) of the x-axis by the composite
transformation described above. The projection of a point p onto the line ‘ is the cell
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c of ‘ that contains the intersection p* between the line ‘ and the plane that passes
through p and is orthogonal to ‘.

A region of space consisting of all points that project to the same cell is called a
bucket. A bucket is bounded by two planes orthogonal to ‘ through consecutive cell
boundaries.

Remark 3.1. Let ‘ be a graduated line with unit direction vector d and let n be any
unit vector normal to ‘. Let ‘0 be the graduated line obtained by translating ‘ by
zd + rn, for any z 2 Z and r 2 R. Then lines ‘ and ‘0 determine the same bucket sets.

A solution to an instance P of P(3,1) is a graduated line that minimizes the max-
imum number of points of P that lie in the same bucket. As before, two graduated
lines whose bucket sets produce the same partition of a point set P are said to be
equivalent with respect to P.

Lemma 3.1. Let ‘ be a solution to an instance P of P(3,1). There exists a graduated

line ‘0 equivalent to ‘ with a point of P lying on a boundary plane of a bucket of ‘0.

We are going to describe an algorithm, which we call MGL3, to solve P(3,1). The
algorithm is based, as algorithm MGL2, on two key ideas:

(1) As a consequence of Lemma 3.1, it suffices to consider graduated lines that have a
bucket boundary passing through a point pi of P. Furthermore, from Remark 3.1 we
can assume that pi is the origin of the graduated line.
(2) Each graduated line with origin pi = o determines a partition of P into buckets
and the set of all such graduated lines produces a finite number of different partitions
of P. The set of all graduated lines is obtained from the x-axis by composing a rota-
tion by angle p � u around the y-axis and a rotation by angle h around the z-axis.
During such motions, the current partition changes only at angles h,u where the left
boundary plane of a bucket passes through a point pj of P, pj „ pi. At this instant, pj
changes from one bucket to the adjacent one. Consequently, in searching for the
optimal solution for a fixed origin, it suffices to consider the finite collection of curves
C of the two-dimensional space parametrized by the angles h and u for which such
event occurs, since in any cell of the arrangement determined by C the partition of P
remains constant.

The algorithm proceeds in two steps:

(1) For each point pi of P find the graduated line ‘i of origin pi that minimizes the
maximum number of points of P that fall in the same bucket. Call this minimum
number mi.
(2) Report the line ‘ that corresponds to min{m1, . . . ,mn}.

We now elaborate on Step 1. For pi = o, consider the iteration with the motion of
the x-axis that generates all the graduated lines with origin pi. Let S (p, r) denote the
sphere of radius r centered at p. Denote by p (k,h,u) the plane obtained by rotating
the plane x = k by an angle p � u around the y-axis and then by an angle h around
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the z-axis. We wish to determine the values of h,u for which an input point pj lies
on p (k,h,u). Each such pair of values h,u corresponds to an event of the motion.
Note that if d (pi,pj) < k the rotated plane cannot possibly contain pj. For
|k| 6dist (pi,pj), the solutions of the above equation correspond to the planes through
pj tangent to the sphere S (pi,k). The points of tangency determine a curve Xj,k of
the two-dimensional space defined by the angles h,u that can be found as the
intersection circle Cj,k between the sphere S (pi,k) and the sphere Sðm; 1

2
dist ðpi; pjÞÞ

where m is the midpoint of segment pipj. See Fig. 7 for an example.
This procedure is repeated for integer values of k that satisfy |k| 6 dist (pi,pj).

Since in the bijection between points of the two-dimensional space determined by an-
gles h,u of coordinates (h,u) and points of the unit sphere centered at pi of polar
coordinates (h,u), the curve Xj,k is in correspondence with a circle on this unit
sphere, the maximum number of intersection points between any couple of curves
Xj,k and X j0;k0 is bounded by 2. We break each Xj,k curve, at its points of vertical tan-
gency, into x-monotone curves. Finally, we construct the arrangement determined
by the collection C of all such x-monotone curves.

We initialize the number of points that belong to each bucket for a graduated line
with h = u = 0 and the largest such count is identified. Then, starting in the cell that
corresponds to h = u = 0, we make a breadth first search in the dual graph of the
arrangement of C. For each new cell of the arrangement we update the bucket
counts and we compute the largest count. The minimum mi of these counts is re-
ported as the best graduated line ‘i centered at pi. The complete algorithm is sum-
marized in Fig. 8.

The complexity of MGL3 is dominated by the construction of the arrangement of
line 12. The arrangement of a collection of n x-monotone curves, each pair of which
intersect in at most 2 points, can be computed using an incremental approach in time
O(nk4 (n)) and space O(n2), where k4 (n) is roughly linear in n [9]. In our case, since
there are ti = max16j6n{dist (pi,pj)} curves in C, the construction of the arrangement
of line 12 requires O(tink4 (tin)) time and Oðt2i n2Þ space. Thus, the total execution
time of the algorithm is O(tn2k4 (tn)), where t = max{ti} is the diameter of P. The
space required is O(t2n2). We have proven the following result:

Theorem 3.1. An instance P of problem P(3,1) can be solved in O(tn2k4 (tn)) time and
O(t2n2) space, where t is the diameter of P.
Fig. 7. Example of Xj,k curves.



Fig. 8. Algorithm for solving an instance of P(3,1). A bucket is denoted by the x-coordinate of its left
boundary plane before motion.
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An alternative approach for solving P(3,1) was suggested by an anonymous ref-
eree and works as follows. We know that it suffices to consider graduated lines that
have a bucket boundary passing through the origin o = pi. One only needs to find the
direction of the solution line ‘. For any other point pj, we need to determine the crit-
ical orientations of ‘ in which pj projects to an endpoint of a bucket boundary. Now
pj projects to the point at distance k from the origin when the direction of ‘ traces a
circle on the sphere of directions S2, whose center is the direction opj and whose
opening angle b satisfies cosb = k/dist (o,pj). Putting ti,j = dist (o,pj), we obtain ºti,jß
concentric circles, and we collect them for each pj still keeping pi = o. We thus get an
arrangement of

P
jºti,jß 6 tin (non-maximal) circles on S2, where ti = max16j6n

{dist (pi,pj)}. This arrangement of circles can be computed in O(tink4 (tin)) time with
an incremental algorithm [9].

3.2. Approximate solutions to P(3,1)

A good approximate solution to an instance of P(3,1) can be obtained in a man-
ner similar to that used to approximate P(2,1). In other words, a single iteration of
the loop of line 4 results in a solution with cost no higher than twice the optimal.
Once the orientation of the graduated line is fixed, further shifting cannot change
the cost of the answer by a factor higher than 2. Since the argument is essentially
the same as that used in Section 2.1 we provide only the main result:
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Theorem 3.2. Let C be the cost of an optimal solution to P(3,1). There is an algorithm

that runs in O(tnk4 (tn)) time that finds an answer with cost no bigger than 2C.
3.3. Graduated planes

The graduated plane p = p (a,h,u,u,v,w) is the plane obtained from the xy-coor-
dinate plane by composing a rotation by angle a 2 [0,p] around the z-axis, a rotation
by angle p � u, u 2 [�p/2,p/2] around the y-axis, a rotation by angle h 2 [0,2p]
around the z-axis, and a translation by vector (u,v,w). The point (u,v,w) is the origin
of the graduated plane p. The graduated lines obtained by transforming the x and y-
coordinate lines with the composite transformation described above are called the
graduated axes of p.

Each pair of numbers z1; z2 2 Z define a cell cz1;z2 in p obtained from the cell
[z1,z1 + 1) · [z2,z2 + 1) of the xy-plane, by the composite transformation described
above.

The projection of a point p onto the plane p is the cell c of p that contains the
intersection p* between the plane p and the line through p orthogonal to p. A region
of space consisting of all points that project to the same cell is called a bucket. A
bucket is bounded by four planes orthogonal to p that pass through the four bound-
aries of a cell.

Remark 3.2. Let p be a graduated plane with unit normal n and let dx and dy be unit
direction vectors of the graduated axes of p. Let p0 be the graduated plane obtained
by translating p by zxdx + zydy + rn, for any zx; zy 2 Z and r 2 R. Then planes p and
p0 determine the same bucket sets.

A solution to an instance P of P(3,2) is a graduated plane that minimizes the
maximum number of points of P that lie in the same bucket. As before, two gradu-
ated planes whose bucket sets produce the same partition of P are said to be equiv-
alent with respect to P.

Lemma 3.2. Let p be a solution to an instance P of P(3,2). There exist a

graduated plane p0 equivalent to p and two points pi, pj of P so that pi lies on a

bottom boundary plane of a bucket of p0 and pj lies on a left boundary plane of a

bucket of p0. In some cases, point pi lies on a left-bottom boundary line of a bucket

of p0.
Proof. Let P ¼ fp1; . . . ; png be a point set and P� ¼ fp�1; . . . ; p�ng, where p�i is the pro-
jection of pi onto p, 1 6 i 6 n. Denote ck the cell containing p�k , 1 6 k 6 n. For each
p�k of P

� let dbk be the distance from p�k to the bottom side bk of the cell ck and let dlk
be the distance from p�k to the left side lk of the cell ck. Suppose that dbi =
min16k6n{dbk} and dlj = min16k6n{dlk}. The transformation obtained by compos-
ing the translation on the direction of the y-axis that moves the point p�i onto line
bi and the translation on the direction of the x-axis that moves the point p�j onto line
lj moves plane p to the desired plane p0. In the special case in which i = j, the point
pi = pj belongs to a bottom-left bucket boundary line. h



J.M. Dı́az-Báñez et al. / J. Vis. Commun. Image R. 16 (2005) 233–249 245
Next we sketch an algorithmMGPG to solve P(3,2). First we consider the general
case and then the special case as described in Lemma 3.2.

3.3.1. General case

(1) As a consequence of Lemma 3.2 it suffices to determine graduated planes that have
a bottom bucket boundary passing through a point pi of P and a left bucket boundary
passing through a point pj of P, with pi „ pj. Furthermore, from Remark 3.2, we can
assume that pi belongs to the bottom side of a cell c of the graduated plane. If we
denote by p�j the projection of pj onto the graduated plane, then the origin of the grad-
uated plane ‘‘sees’’ pi and p�j under a right angle. Consequently we can assume that the
origin of the graduated plane is the point where the line through the bottom side of c
and the plane containing the left bucket boundary passing through pj intersect.
We discuss briefly how to fulfill these conditions for each pair of points pi and pj.
Without loss of generality we can assume that pi = o. Consider the graduated plane
p = p (a,h,u, 0,0,0) through pi and suppose that the movement that transforms the
xy-plane onto the plane p also transforms the xz-plane and the yz-plane onto planes
p0 and p00, respectively. Denote by p00

j the plane through point pj parallel to p00. Then,
if dist ðo; p00

j Þ < 1, we take as origin (u,v,w) of the final graduated plane the point
p \ p0 \ p00

j and, consequently u,v,w depend only on (a,h,u).
(2) Each of these final graduated planes determines a partition of P into buckets and
the set of all such graduated planes produces a finite number of different partitions of
P. During the motion of the xy-coordinate plane, the current partition changes only
at angles a,h,u where the bottom boundary plane passes through a point pk of P or
the left boundary plane passes through a point pk0 of P, pk, pk0 6¼ pi; pj. At these
instants, pk or pk0 change from one bucket to the adjacent one. Consequently, in
searching for the optimal solution for a pair of point pi,pj, it suffices to consider
the finite collection of surfaces S of the three-dimensional space determined by the
angles a 2 [0,p], h 2 [0,2p], u 2 [�p/2,p/2] for which such events occur, since in
any cell of the arrangement determined by S the partition of P remains constant.

In the general case, algorithm MGPG, similarly to the previous ones, proceeds in
two steps:

(1) For pi; pj 2 P; 1 6 i < j 6 n find the graduated plane pi,j that minimizes the max-
imum number of points of P that fall in the same bucket. Call this minimum mi,j.
(2) Report the plane p that corresponds to min{mi,jŒ1 6 i < j 6 n}.

During Step 1, for each 1 6 i < j 6 n, it is necessary to consider an arrangement
determined by a finite collection of surfaces S of a three-dimensional space. The
number ti,j of surfaces in S is in O(max{max16m6ndist (pi,pm),max16m6n

dist (pj,pm)}). Since we only need to encode the adjacency relationship among
three-dimensional cells of the arrangement we compute the vertical decomposition
of the arrangement and then we compute the adjacency relationship of cells in the
decomposition [10]. Then we initialize the number of points that belong to each
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bucket for a graduated plane with a = h = u = 0 and the largest such count is iden-
tified. Finally we traverse S by using the adjacency relationship of the cells in its ver-
tical decomposition. For each new cell of the arrangement we update the bucket
counts and we compute the largest count. The minimum mi,j of these counts is re-
ported as the best graduated plane pi,j.

In the general case, the complexity of MGPG is dominated by the construction of
the arrangement of surfaces. The number of cells of the vertical decomposition of an
arrangement of n surfaces in R3 is O(n2kq (n)), where q is a constant depending on the
maximum degree of the surfaces, and the vertical decomposition of the arrangement
can be computed in randomized expected time O(n3+�), using the random-sampling
technique [5]. In our case, the vertical decomposition of S can be constructed in
O((ti,jn)

3+�) time and O((ti,jn)
2kq (tin)) space. Thus, if t = max{ti,j} we have the fol-

lowing result:
An instance P of problem P(3,2) in the general case can be solved in O(n2 (tn)3+�)

expected time and O((tn)2kq (tn)) space.

3.3.2. Special case

(1) As a consequence of Lemma 3.2, it suffices to consider graduated planes that have
a bottom-left bucket boundary plane passing through a point pi of P. Furthermore,
from Remark 3.2 we can assume that pi is the origin of the graduated plane.
(2) Each graduated plane with origin pi = o determines a partition of P into buckets
and the set of all such graduated planes produces a finite number of different parti-
tions of P. In searching for the optimal solution for a fixed origin, it suffices to con-
sider a finite collection of surfaces S of the three-dimensional space parametrized by
the angles a 2 [0,p], h 2 [0, 2p], u 2 [�p/2,p/2].

In the special case, algorithm MGPG proceeds in two steps:

(1) For pi 2 P find the graduated plane pi that minimizes the maximum number of
points of P that fall in the same bucket. Call this minimum mi.
(2) Report the plane p that corresponds to min{miŒ1 6 i 6 n}.

During Step 1, for each 1 6 i 6 n, it is necessary to consider an arrangement
determined by a finite collection of surfaces S of a three-dimensional space. As ex-
plained for the general case, using the results of [5], the optimal a, h, and u can
be found in O((tn)3+�) expected time and O((tn)2 kq (tn)) space, where t is the diam-
eter of P. Thus we have the following result:

An instance P of problem P(3,2) in the special case can be solved in O(n (tn)3+�)
expected time and O((tn)2kq (tn)) space.

Since time complexity of algorithm MGPG is determined by the general case, we
have:

Theorem 3.3. An instance P of problem P(3,2) can be solved in O(n2 (tn)3+�) expected
time and O((t n)2kq (tn)) space.
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3.4. Approximate solutions to P(3,2)

Using an approach similar to that of Section 2.1 we can use an arbitrary origin
(u1,v1,w1) to derive an approximation algorithm whose cost differs from the optimal
by no more than a constant factor and whose complexity is lower than that of
MGPG. We start by showing that shifting a graduated plane over itself changes
the quality of the solution by at most a factor of 4.

Lemma 3.3. Let dx and dy be unit direction vectors for the axes of a graduated plane p
with cost C. Let C0 be the cost of a graduated plane p0 obtained by shifting p by vector
rxdx + rydy, for any rx; ry 2 R. Then 1

4 6
C0

C 6 4.
Proof. First, we can assume that 0 6 rx, ry < 1 as shifting p by (rxmod1)dx + (ry
mod1)dy results in a plane equivalent to p0. Thus, after shifting, the worst that can
happen is that the contents of four buckets are combined into one, at most quadru-
pling the cost of the solution. Since no bucket of p has more than C points we have
C0

6 4C. Conversely, the cost of a bucket can be reduced by shifting. Take a bucket
of p with C points. After shifting, these points will be distributed among at most four
buckets. At least one of these buckets must have no fewer than ØC/4ø points which
implies that C0 P ØC/4ø. h

Now let p0 = p (a0,h0,u0,u0,v0,w0) be an optimal solution for an instance of
P(3,2). Also let p1=p (a1,h1,u1,u1,v1,w1) be the best solution over all possible values
of a, h, and u for an arbitrary but fixed origin (u1,v1,w1). Clearly, cost (p1) 6 cost
(p (a0,h0,u0,u1,v1,w1)) as p1 is optimal for (u1,v1,w1). Furthermore, for some
(u0,v0,w0), there is a graduated plane p0 = p (a0,h0,u0,u

0,v0,w0) through (u1,v1,w1)
which is parallel and equivalent to the optimal p0. Since p (a0,h0,u0,u1,v1,w1) can
be obtained from p0 by a translation along the direction vectors of the axes of p0,
Lemma 3.3 implies that cost (p (a0,h0,u0,u1,v1,w1)) 6 4cost (p0). Thus, we have cost
(p1) 6 cost (p (a0,h0,u0,u1,v1,w1)) 6 4cost (p0) = 4cost (p0). We still need to find the
optimal projection for a fixed (u1,v1,w1). For this purpose we create an arrangement
of hyper-surfaces parametrized by a, h, and u, in a manner similar to that outlined in
the previous section. All points in the same cell of the arrangement correspond to
graduated planes with the same origin that produce the same partition of P. Using
the results of [5] the optimal a,h, and u can be found in O((tn)3+�) expected time,
where t is the diameter of P. We have proven the following result.

Theorem 3.4. Let C be the cost of an optimal solution to P(3,2). There is an algorithm

that runs in expected time O((tn)3+�) that finds an answer with cost no bigger than 4C.
4. Future work

The algorithms described in this paper are based on identifying classes of equiv-
alent graduated lines or planes that define bucket sets that produce exactly the same
partition of the input P. Other optimization problems related to projections of a
point set onto a graduated line or plane and depending on the number of points pro-
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jected in each cell can be solved using basically the same approach. Examples include
finding an orthogonal projection that maximizes the number of cells with at least one
projected point of P or one that minimizes the total number of collisions, i.e., pairs
of points projected to the same cell. Furthermore, when choosing between two pro-
jections with the same cost it is probably desirable to choose the one that separates
the projected points from different buckets as much as possible. Thus, as suggested
by an anonymous referee, it would also be interesting to consider the problem of
maximizing D ¼

P
i;jdðp�i ; p�j Þ, where dðp�i ; p�j Þ denotes the distance, measured in pix-

els, between the projections of pi and pj. We think this problem can be solved using
an approach similar to the one described in this paper.

It remains as future work to state the bounds of our algorithms not just in terms
of n and t, but in terms of the distribution of distances between the points of P, since
the bounds can be much smaller for dense or random sets.
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