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In this paper we consider some problems that belong to the
interplay between the field of Facility Location and the area of
Computational Geometry. Specifically, given a set S of points in
the plane, we discuss several variations of the problem of
finding monotone 1-corner polygonal chains that minimize the
maximum vertical distance to S.

S everal problems on approximating geometric objects by
polygonal chains have been studied by the computational
geometry community due to its relevance to fields such as
geographic information systems, pattern recognition and
CAD/CAM. Some examples are the papers by Imai and Iri
(1986, 1988), Toussaint (1985), Melkman and O’Rourke
(1988), Chan and Chin (1996), and O’Rourke (1981).

A lot of attention has been paid to the simplification prob-
lem: to approximate a given polygonal chain C1 by another
one C2 whose vertices are some of the vertices in C1 (or at
least use their x-coordinates). When a subchain C�1 � C1 is
approximated by a line segment s � C2, some error is made.
The error of the approximating chain C2 is defined to be the
maximum error over all its line segments. Two main prob-
lems are considered:

• the min-number problem: to minimize the number of ver-
tices of an approximating polygonal chain with the error
within a given bound;

• the min-� problem: to minimize the error of an approxi-
mating polygonal chain consisting of a given number of
vertices.

Certainly the maximum Euclidean distance between s and
C�1 is a natural measure for the error, but many other criteria
have been considered: the parallel-strip criterion (Toussaint
1985), the parallel-rectangle criterion (Ballard 1981), the min-
imum-width rectangle criterion (Imai and Iri 1988), the L1-
approximation (Gentle et al. 1988), the L2

2-approximation
(Chin et al. 1992), and the L�-approximation (Kurozumi and
Davis 1982).

The approximation of discrete point sets by polygonal
chains has arisen in the context of Statistics and operations
research, as a natural extension of the classical best-fit-line
problem. Here the vertical distance, also called the Tcheby-
shev error of the fit, is commonly used to define the error
instead of the Euclidean distance (Rice 1964). That is the

framework of our work, and throughout this paper, distance
will mean vertical distance.

Hakimi and Schmeichel (1991) posed the following prob-
lem. Let k � 0 be an integer; then for every given set of
points S in the plane we want to construct a monotone
polygonal chain C with k or fewer corners (vertices) such
that d(S, C) (vertical distance) is as small as possible. They
solve two variants of the problem: when C is required to
have its corners on points in S, the discrete problem, and when
its corners can be on any point in the plane, the free problem.
Those problems can be seen as min-� problems for discrete
point sets. For both of them, Hakimi and Schmeichel give
O(n2 log n) algorithms that do not work in the presence of
degeneracies (they do not admit points with the same x-co-
ordinate).

Results in this paper correspond to variations on the
problems posed by Hakimi and Schmeichel, for the case k �
1, adding the restriction that the monotone chains must start
and end at specified anchor points a and b. This assumption
is quite natural in many real applications (see Drezner and
Wesolowsky 1989); on the other hand, we show that our
algorithms can also be extended to deal with non anchored
chains. Many more variations on these problems have been
considered by Dı́az-Báñez (1998) and in Dı́az-Báñez et al.
(1999).

We present here an O(n log n) algorithm for the 1-corner
discrete problem, and an O(n log n) algorithm for the 1-cor-
ner free problem, none of them making degeneracy assump-
tions. For the 1-corner discrete case we also solve within the
same time bound the problem in which a and b are not fixed
but must each satisfy a feasible set of linear constraints. We
also provide as observations O(n log2 n) versions of our
algorithms that use a more elementary approach and would
be easy to implement. All these results are described in
Section 2 after some preliminary lemmas in Section 1. We
conclude in Section 3 with some remarks and open prob-
lems.

1. Notation, Definitions and Preliminary Results
Hereafter we will call S � {a � p0, p1, . . . , pn, pn�1 � b} the
given set of points, will denote the x-coordinate of a point q
by x(q), and will assume that the points in S are already
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given in lexicographical order. The points a and b are the
anchor points, and are assumed to satisfy x(a) � x(p1) and
x(pn) � x(b). These anchor points have been added in the
notation to the point set to be fitted, which is really S�{a, b},
for the sake of making easier later descriptions.

Some subsets of S will appear often and have a specific
notation:

Li � � p0, p1, . . . , pi� , Ri � � pi, pi�1, . . . , pn�1� ,

Sij � � pi, pi�1, . . . , pj� .

The convex hull of a point set T will be denoted by C H(T).
Let l and r be the leftmost point and the rightmost point in
T, respectively (ties are lexicographically broken). The part
of the boundary of C H(T) above the line lr is called the upper
hull; the lower hull is the part below the line.

A polygonal chain is said to be x-monotone, when the
intersection with every vertical line is either empty or a
connected set. A polygonal chain is said to be strictly mono-
tone, when it does not contain vertical segments; equiva-
lently, the intersection with every vertical line is either
empty or a point. The polygonal chains for which we are
looking in this paper will be always strictly monotone, un-
less specifically stated.

Observe that if we are thinking of approximating func-
tions, then strictly monotone chains are the suitable ones,
while if we think more in terms of locating a route minimiz-
ing the maximum distance to customers, non-strictly mono-
tone chains might be considered. In this paper, that possi-
bility arises only in Section 3.

A handful of results will be crucial in the rest of the paper.
The next two are straightforward to prove.

Lemma 1. Let T be a point set, and let l and r be the leftmost point
and the rightmost point in T, respectively. The following proper-
ties hold:

(1) The maximum distance between T and the line lr is attained at
some vertex of the polygon C H(T);

(2) furthermore, the distance function to the line lr is unimodal
along the boundary of the upper hull (see Toussaint 1984), and
analogously along the lower hull.

Lemma 2. Let T be a point set, and let l and r be the leftmost point
and the rightmost point in T, respectively. The rays with origin l
going to the right of x � x(l ) are described by the polar angle from
the upper vertical ray from l (refer to Figure 1); let �0,1 and �0,2

correspond to the rays supporting C H(T) (�0,1 	 �0,2). The
following properties hold:

(1) The maximum distance between the rays through l and the
part of the upper hull of T above the rays is an increasing
function in the interval [�0,1, �]. When a ray through l rotates
clockwise, the corresponding parallel line supporting the up-
per hull advances and rotates clockwise along the boundary.

(2) The maximum distance between the rays through l and the
part of the lower hull of T below the rays is a decreasing
function in the interval [0, �0,2]. When a ray through l rotates
clockwise, the corresponding parallel line supporting the lower
hull advances and rotates clockwise along the boundary.

(3) Let r* the ray from l which minimizes the maximum distance

to the set T: this maximum distance must be attained by one
vertex from the upper hull and another one from the lower
hull.

In order to obtain the ray r* in the lemma above, in time
linear in �T�, we can easily adapt the approach proposed by
Meggido (1983, 1984), who solves the problem of finding the
line that minimizes the maximum distance to a point set
using linear programming. Nevertheless, if C H(T) is already
available, and given in a suitable data structure, then r* can
be computed much faster, as we show next. We give first an
easy solution, then a more efficient one that uses more
complicated techniques. In both cases we use the notation of
Lemma 2.

Observation 1. If C H(T) is given in a data structure allowing
binary search in the upper and lower hulls, the ray r* can be
computed in O(log2 n) time using nested binary search.

Proof: Assume without loss of generality that the upper
hull contains at least as many edges as the lower hull, extend
its edge in median position to a line em, and compute (in
O(log n) time) the line tm parallel to em supporting the lower
hull. If rm is the ray through l in the same direction, by
comparing its distance to em and to tm we know in which
sense the ray should rotate towards r*, and half of the upper
chain can be discarded. The process can be iterated, requir-
ing a total of O(log n) steps. �

A technique allowing one in some cases to avoid nested
binary search is the tentative prune-and-search described by
Kirkpatrick and Snoeyink (1995). In their paper they con-
sider problems that involve searching for a special k-tuple
with one element drawn from each of k lists, and provide
general techniques in the framework of efficiently comput-
ing fixed-points of monotone continuous functions. For one
function binary search is enough, for three functions they
develop the tentative prune-and-search technique, and for
two they prove that standard prune-and-search solves the
problem. After some definitions from Kirkpatrick and Sno-

Figure 1. Polar angle and maximum distance.
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eyink (1995), we reproduce the later result, repeatedly used
in this paper, and show next how to use it for computing r*.

We consider hereafter monotone continuous functions
that are defined on sets having the topology of the real
interval [0, 1]. A set � forms a set of basic functions if the
functions in � can be evaluated in constant time and a
fixed-point of the composition of k functions in � can be
computed in time that depends only on k.

We say that a function f�A 3 B is piecewise-basic with
complexity � f� � n if A � [a0, an] is partitioned into n basic
intervals by a0 	 a1 	 . . . 	 an and f is defined piecewise by
functions fi�[ai
1, ai] 3 B from �. The ordered list a0 	 a1

	 . . . 	 an is assumed to be given in an array or balanced
binary search tree as well as the individual functions fi.

Theorem 1 (Kirkpatrick and Snoeyink (1995)). Suppose we
are given two piecewise-basic functions: f monotone decreasing
over the domain A and g monotone increasing over the domain B.
If B � f(A) and A � g(B), then we can determine a fixed point of
g � f in O(log � f� � log �g�) steps.

The proof of the theorem proceeds by showing that one
could prune half of one of the lists for the functions at each
step in constant time. For applying this theorem to our
problem, we need to have well-defined pairs point/tangent,
which is not obvious because the tangent in the vertex of a
polygon is not well-defined and all the points interior to an
edge have the same tangent. The kinetic framework of Gui-
bas et al. (1983) allows a well-behaved parameterization of
pairs point/tangent, which we assume hereafter. More de-
tails and alternatives can be found in Kirkpatrick and Sno-
eyink (1995). The tangent at point q will be denoted �q.

Lemma 3. If C H(T) is given in a data structure allowing binary
search in the upper and lower hulls, the ray r can be computed in
O(log n) time.

Proof: Let A and B be the upper and the lower hull,
respectively. Parameterize A and B by x-coordinate. We
define functions f�A3 B and g�B3 A as follows (Figure 2).
f(x) is the point in B such that �x and �f(x) are parallel. g(y) is
the point in A such that the distance between �y and its
parallel ray through l is the same than the distance between
�g(y) and its parallel ray through l. Obviously, if x is a fixed
point of g � f then r* is parallel to �x. As f is decreasing and
g is increasing, we can apply Theorem 1 for finding such a

fixed point in O(log n) time, and therefore the claim is
proved. �

We next turn our attention from rays to full lines. For
every angle � � [
�, �] there are two lines with slope tan (�)
that support C H(T), one touching above, a(�), another
touching below, b(�). Let us denote by l(�) the line that
having slope tan (�) minimizes the vertical distance to T;
obviously l(�) is parallel and equidistant to a(�) and b(�).

The line l* that minimizes the vertical distance to T will
have some slope �* (i.e., l* � l(�*)) and the contact points of
a(�*) and b(�*) will lie on the same vertical.

The preceding results of this section are easily adapted for
dealing with full lines instead of rays, and the following
lemma holds:

Lemma 4. The vertical distance between the lines a(�) and b(�) is
a decreasing function in the interval [
�, �*] and an increasing
function in the interval [�*, �]. If C H(T) is given in a data
structure allowing binary search in the upper and lower hulls, the
line l* can be computed in O(log n) time.

We also consider worth mentioning the following weaker
result:

Observation 2. If C H(T) is given in a data structure allowing
binary search in the upper and lower hulls, the line l* can be
computed in O(log2 n) time using nested binary search.

2. 1-Corner Polygonal Chains
The first natural extension of the best-fit-line problem is to
look for two rays with the same origin (or segments sharing
an endpoint) giving the best approximation for a point set.
This is the 1-corner problem, which we consider in this
paper.

2.1 Discrete-Corner Polygonal Chains with Fixed
Endpoints
The problem of finding the best 1-corner discrete polygonal
chain starting at a and ending at b admits a straightforward
solution by brute force: take in turn each point p1, . . . , pn as
a candidate for a corner point; for every candidate, n 
 1
distances from the corresponding polygonal to the rest of the
points can now be computed. This leads to an algorithm of
quadratic complexity. However, by combining some obser-
vations we are next showing a more efficient algorithm.

Figure 2. The functions f and g for Lemma 3.
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Theorem 2. Given a set of n points, a discrete-corner polygonal
chain with fixed endpoints that minimizes the maximum distance
can be found in O(n log n) time and O(n) space.

Proof: The algorithm we propose works as follows. We
progress incrementally from left to right and for every point
pi, we consider the set Li � {a, p1, . . . , pi}. The convex hull
C H(Li) can be obtained from the previous one, and the
upper and lower hull can be maintained in a data structure
allowing binary search, the overall process requiring O(n)
time (O’Rourke 1998). An array for every hull, starting at a
and ending at pi is enough, as deletions and insertions are
always performed at the tail. The maximum vertical distance
between Li and the line api can be computed and stored in
O(log n) time, because property 1 from Lemma 1 ensures
that searching on the convex hull suffices and property 2
that we can do it in O(log n)). A second sweep, now from
right to left, will allow the computation and storage of the
maximum vertical distance between Ri � {pi, pi�1, . . . , pn, b}
and the line pib. Finally, we can consider every point pi � a,
b, i � 1, . . . , n as candidate bend for a 1-corner chain, com-
pute the maximum distance from the chain to the point set
in constant time (using the two stored values), and maintain
the minimum value found in the process. The overall com-
plexity is O(n log n) as claimed. �

2.2 Discrete-Corner Polygonal Chains Between Convex
Polygons
It is natural to consider also the case in which the starting
point of the chain a and the endpoint b are not fixed but must
belong to some prescribed region. In particular, we present
here efficient algorithms for solving the problem of finding
a 1-corner discrete polygonal chain that starts and ends at
two given convex polygons P1 and P2 (i.e., we must have a �
P1 and b � P2), assuming that the point set P we want to
approximate is within the strip defined by the rightmost
point of P1 and the leftmost point of P2. Notice that each
convex polygon can be considered to be the feasible region
of a set of linear constraints that a and b must satisfy.

We first characterize the solution of the problem of find-
ing the ray with origin pi that minimizes the maximum
distance to Li � {p0, p1, . . . , pi} and intersects the convex
polygon P1. Of course a similar characterization applies to
the ray from pi that minimizes the maximum distance to Ri �
{pi, pi�1, . . . , pn�1} and intersects P2.

Lemma 5. Let l*i be the half-line with origin pi that minimizes the
maximum distance to Li. Then the ray with origin pi that mini-
mizes the maximum distance to Li � {p0, p1, . . . , pi} and inter-
sects the convex polygon P1 is

(1) l*i if l*i � P1 � A, and elsewhere
(2) the half-line that has origin in pi, supports P1, and gives

smallest angle with respect to l*i.

Proof: Obviously if l*i intersects P1 we cannot improve on
this solution. If l*i � P1 � A we have to rotate the ray towards
P1 as little as possible according to Lemma 2, therefore the
solution we are looking for is the support line of P1 from pi

that is angularly closest to l*i as claimed. �

Now we have all the ingredients for our next result.

Theorem 3. The minimax problem for a discrete-corner polygonal
chain between convex polygons can be solved within O(n log n)
time and O(n) space.

Proof: As in the proof of Theorem 2, we progress from left
to right and for every point pi construct C H(Li), maintaining
the upper and lower hull in data structures allowing binary
search, the overall process requiring O(n) time (O’Rourke
1998). We can compute then l*i in time O(log n) using Lemma
3. To check whether l*i intersects P1 is trivially done in O(log
n) time. In the negative, the rays from pi that support P1 can
also be computed in O(log n) time. A second sweep, now
from right to left, will allow the computation and storage for
every pi of the best ray from pi with respect to Ri that
intersects P2. After these two steps, we have the best two
rays from every pi and we can pick the best pair, obtaining
the claimed complexities. �

By replacing in the previous proof Lemma 3 by Observa-
tion 1, a weaker result is obtained:

Observation 3. The minimax problem for a discrete-corner po-
lygonal chain between convex polygons can be solved in O(n log2

n) time and O(n) space with nested binary search.

Notice that in the results above, P1 and P2 could have
been the halfplane to the left of x � x(p1) and the halfplane
to the right of x � x(pn), i.e. we have obtained too the
solution of the problem without anchors.

2.3 Free-Corner Polygonal Chains
We consider now the problem of finding 1-corner polygonal
chains that fit a set of points in the plane and whose corners
are not necessarily at a point from S, but whose beginning
point and endpoint are fixed.

Given two consecutive points pj and pj�1 with different
x-coordinates, we consider the vertical strip Bi � {q�x(pi) 	
x(q) 	 x(pi�1)}. We first solve the problem of finding the best
1-corner polygonal chain whose corner is in Bi. This problem
can be solved in linear time following the main geometric
ideas of the forthcoming lemmas, which would lead to a
quadratic solution for the more general problem above, if
this single-shot method is used for B0, B1, . . . , Bn. Using
more structure and a suitable incremental updating, more
efficient solutions are possible, as we are showing in this
subsection.

Observation 4. If C H(Li) and C H(Ri�1) are given in data
structures allowing binary search in the upper and lower hulls, the
best 1-corner polygonal chain whose corner is in Bi can be com-
puted in O(log2 n) time using nested binary search.

Proof: Let sa be the line through a that minimizes the
maximum distance to Li and let sb be the line through b that
minimizes the maximum distance to Ri�1. If the two lines
intersect within Bi we already have the best 1-corner polyg-
onal. If they intersect at a point q (possibly at infinity)
outside Bi, many cases arise. For the sake of clarity we only
describe one of the cases, as the others are analogous.

Let t and d (refer to Figure 3) be the points in which sa and
sb intersect the vertical line x � x(pi), respectively. Let e
 be
the maximum distance from sa to the points in Li and let e�
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be the maximum distance from sb to the points in Ri�1. Let
us assume that x(a) 	 x(q) 	 x(pi), that q is above the line ab,
and that t is above d and that e
 	 e�.

If the maximum distance ed

 from the line ad to Li is less

than or equal than e� then the polygonal a-d-b is the solution.
Otherwise ed


 � e�, and by Lemma 2 there is a point m in the
segment td such that the maximum distance from the line am
to Li is equal to the maximum distance from the line mb to
Ri�1. Observe that the polygonal a-m-b is the solution we
were looking for, because if x � Bi, x � m is above bm, the
line xb fits Ri�1 worse than mb does, and if x is on or below
bm then the line ax fits Li worse than am does. Now we have
to show how to obtain the point m.

Let A� be the set of edges on the upper hull of Li such that
the corresponding parallel lines through a intersect the seg-
ment td. Similarly, let B� be the set of edges on the lower hull
of Ri�1 such that the corresponding parallel lines through b
intersect the segment td.

Take the median segment in say A� (assuming B� not to
have more segments than A�), and construct the parallel line
through a, which will intersect td in a point z. Compute the
maximum distance ez

� from the line zb to Ri�1 and the
maximum distance ez


 from the line az to Li. According to
whether ez


 � ez
� or ez

� � ez

 we know which half part of A�

can be discarded, and the process is repeated.
We already know from Observation 1 that sa and sb can be

obtained in time O(log2 n). ed

, A�, and B� can be computed

in time O(log n). Finally, the computation of m above can be
done within O(log2 n) time, because we have O(log n) steps,
each one requiring O(log n) time for the computation of ez

�

and ez

. �

It is again worthwhile to consider whether the nested
binary search leading to O(log2 n) time can be avoided.
Theorem 1 again comes to the rescue.

Lemma 6. If C H(Li) and C H(Ri�1) are given in data structures
allowing binary search in the upper and lower hulls, then the best

1-corner polygonal chain whose corner is in Bi can be computed in
O(log n) time.

Proof: We borrow all notation and assumptions from the
proof of the preceding Lemma. We know from Lemma 3 that
sa and sb can be computed in O(log n) time; what remains is
to prove that the point m can also be computed within the
same time bound.

Let A and B be the upper hull of Li and the lower hull of
Ri�1, respectively. Parameterize A and B by the x-coordi-
nates. If u � A, let �u be the tangent at u and let au be the line
through a parallel to �u. If v � B, let �v be the tangent at v and
let bv be the line through b parallel to �v. We define functions
f�A3 B and g�B3 A as follows (Figure 4). f(x) is the point
in B such that d(�x, ax) � d(�f(x), bf(x)). g(y) is the point in A
such that the intersection of ag(y) and by is a point on the line
x � x(pi).

Obviously, if x is a fixed point of g � f then ax � (x �
x(pi)) � m. As f is decreasing and g is increasing, we can
apply Theorem 1 for finding such a fixed point in O(log n)
time, and the claim is proved. �

Now we are ready to solve the problem described at the
beginning of this subsection.

Theorem 4. The minimax problem for a free-corner polygonal
chain with fixed endpoints can be solved in O(n log n) time and
O(n) space.

Proof: We incrementally progress from right to left, and
for every point pi construct C H(Ri) from C H(Ri�1), keeping
pointers to the points deleted from the hulls in every step, in
such a way that the process can be reversed. Then we
progress from left to right, and for every point pi construct
C H(Li) and C H(Ri�1) from C H(Li
1) and C H(Ri), obtained
in the previous step, and maintain the upper and lower hulls
in data structures allowing binary search. The overall pro-
cess requires O(n) time. This way we are at every step in the
situation of Lemma 6, and the result follows. �

Figure 3. Assumed position for Observation 4.
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By using Observation 4 instead of Lemma 6, a weaker
result is obtained:

Observation 5. The minimax problem for a free-corner polygonal
chain with fixed endpoints can be solved in O(n log2 n) time and
O(n) space with nested binary search.

We finally consider the problem of finding a free-corner
monotone polygonal chain defined from x � 
� to x � ��
(i.e., two rays with common origin such that every vertical
intersects their union in exactly one point), minimizing the
vertical distance to the given point set; in other words, the
non-anchored version of the problem. It is clear that the lines
best fitting Li and Ri�1 now play the role of rays through a
and b in the preceding results of this subsection; with
Lemma 4 and Observation 2 in hand instead of Lemma 2,
Observation 1 and Lemma 3, it is easy to see that slight
modifications allow us to obtain results similar to Theorem
4 and Observation 5 for the non-anchored situation:

Theorem 5. The minimax problem for a free-corner monotone
polygonal chain defined from x � 
� to x � �� can be solved in
O(n log n) time and O(n) space.

Observation 6. The minimax problem for a free-corner monotone
polygonal chain defined from x � 
� to x � �� can be solved in
O(n log2 n) time and O(n) space with nested binary search.

3. Concluding Remarks and Open Problems
We have discussed in this paper several variations on the
problem of finding 1-corner polygonal chains that minimize
the maximum vertical distance to a given point set with
constraints on the bend position or on the endpoints of the
chain.

Many more variations on these problems have been con-
sidered by Dı́az-Báñez (1998) and in Dı́az-Báñez et al. (1999).
In particular, it is proved there that for constant k it is
possible to use a dynamic-programming approach for the
k-corners discrete problem allowing degeneracies. Also, re-
sults are given in which total length is used as a constraint
instead of the number of bends.

As for open problems, let us mention that if the approx-
imation by polygonal chains is thought as a route-planning
problem, it could correspond to an obnoxious service, in
which case the max-min version should be considered in-
stead of the min-max variations studied here.
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