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Abstract—Efficient conflict resolution methods for mul-
tiple aerial vehicles sharing airspace are presented. The
problem of assigning a velocity profile to each aerial vehicle
in real time, such that the separation between them is
greater than a given safety distance, is considered and
the total deviation from the initial planned trajectory
is minimized. The proposed methods involve the use of
appropriate airspace discretization. In the paper it is
demonstrated that this aerial vehicle velocity assignment
problem is NP-hard. Then, the paper presents three
different collision detection and resolution methods based
on speed planning. The paper also presents simulations
and studies for several scenarios.

I. INTRODUCTION

Automation technologies will play an important
role in the different applications of Unmanned
Aerial Vehicles (UAVs) and Air Traffic Management
(ATM) systems that should satisfy high air traffic
demand. Moreover, the integration of UAVs in non-
segregated aerial spaces is being also considered
for the future ATM [1]. Systems with multiple
UAVs present significant advantages in different
applications by increasing efficiency, performance,
reconfigurability, and robustness [2][3]. In these

scenarios, the UAVs should maintain as much as
possible the planned trajectories but also maintain-
ing minimum separation between them.

UAV conflict detection and resolution (CDR)
methods have been studied extensively. An overview
of papers on deconfliction can be found in [4],
where the CDR methods are characterized de-
pending on the following factors: dimensions of
the state information, technique for dynamic state
propagation, conflict detection threshold, conflict
resolution technique, maneuvering dimensions, and
management of multiple UAV conflicts. There are
methods for optimal coordinated maneuvers but
these require significant computational effort [5].
Another CDR method is based on a mixed-integer
linear program (MILP) to optimize the total flight
time by modifying velocity or heading [6]. However,
this method only allows one speed change for each
aircraft. There are also several methods in which
conflicts are solved by changing only the speed
[7]. Some of these methods are devoted only to
pairwise conflicts and involve computational studies
to forecast future traffic levels [8]. The geometric
approach presented in [9] is also for pairwise non-
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cooperative aircraft collision avoidance. In [10] the
uncertainties encountered when solving pairwise
conflicts are considered. The method described in
[11] is based on MILP to solve pairwise conflicts
by changing speeds for a large number of aircrafts.

The method proposed in [12] considers the prob-
lem in three dimensions using mixed-integer non-
linear programming to solve the conflicts with only
velocity changes by minimizing the total flight time.
However, this approach requires a high computation
time.

The method in [13] is based on the use of genetic
algorithms to solve conflicts by considering the
problem of optimal path planning between given
waypoints. The main drawback of genetic algo-
rithms is that the computation time is not predictable
and the convergence to a solution is not ensured in a
finite time interval. The optimal control method in
[14] uses a kinematic model of the aircraft flying
in a horizontal plane with constant velocity and
solves conflicts for two or three aircraft by changing
the heading. Another approach [15] involves the
application of a hybrid system model that generates
safe maneuvers. On the other hand, the stochastic
method described in [16] is based on the Monte
Carlo approach and the computation time is again
high.

In this paper, a 3D conflict resolution problem for
multiple UAVs sharing airspace is studied, where a
state propagation method is needed to predict tra-
jectories. There are numerous techniques to predict
positions in conflict detection [17][18][19][20][21].
In this work it is assumed that the initial trajectories
of each UAV are known (given by a sequence of
waypoints) and the detection method is based on
a grid model. Therefore, each trajectory is defined
by the cells through which the corresponding UAV
passes. The methods proposed in this paper are
based on speed planning to solve conflicts. The
velocity profiles for all the UAVs involved in a
conflict are computed and the problem is solved
by maintaining the planned 3D space trajectory.
This approach has the advantage that the probability
of creating new conflicts with other UAV in the
airspace is low.

A dynamic environment is also considered. In
this environment the conflicts between two or more
UAVs are solved in real time, at low computa-
tional cost, once they are detected. Three methods
are presented here. In the first one, the problem

is reduced to a scheduling problem and then a
greedy approach is considered in order to find an
optimal solution. In the second method, a discrete
velocity allocation (DVA) problem considering pairs
of velocities is implemented to solve the conflicts.
Finally, the third proposed method is based on the
technique presented in [22], in which suboptimal
solutions are found. This method presents several
advantages with respect to [22]: it solves conflicts
with more than two UAVs and ensures minimum
separation between UAVs. In this paper different
kind of scenarios are simulated to point out the
characteristics of the proposed methods.

This paper is organized in seven sections. Section
II presents the problem formulation. Proof that the
Velocity Assignment Problem (VAP) is NP-hard
is provided in Section III. The proposed conflict
resolution methods are described in Section IV.
Finally, section V shows the simulations carried out
and Section VI details the conclusions.

II. PROBLEM FORMULATION

The problem considered in this paper concerns
conflict detection and resolution between UAVs in a
common airspace. The detection algorithm is based
on the discretization of the airspace divided into
cubic cells, also called the grid model (see Figure 1).
Other possible way to encode the statement of the
problem are [23][24]. The discretization is chosen in
this paper because the detection algorithm is simpler
and faster. Moreover, a trajectory can be parameter-
ized by the number of cells that the UAV passes
through with entrance and departure time. The size
of the cells is a parameter and the safety distance is
given by a number of cells. The resolution algorithm
is based on changing the velocity profile of the
UAVs involved in the potential collision. Note that
velocity refers to speed in this problem because
changes of velocity direction are not considered.

The time for which each UAV stays in a cell
depends on its model. It is assumed that each UAV
knows the trajectories of other UAVs, i.e., the list of
cells that other UAVs will fly across (see Figure 2).
Thus, in Figure 1 the cells through which UAV1
passes are: 7, 4, 5, 2, 3. In the case of UAV2 they
are: 9, 6, 5, 4, 1. Both UAVs fly in the same flight
level.

Method described in [22] presents a disadvantage.
Collision is defined when two UAVs lay in the
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Figure 1. UAV trajectories in a discretized airspace divided into
cells.

Figure 2. The UAV trajectory is described as a sequence of visited
cells.

same cell and at the same time. However, with this
definition two UAVs that are not in the same cell
can be closer than other two ones that are actually
in the same cell (see Figure 3). Therefore the al-
gorithm based on the simple space discretization in
cells does not ensure minimum separation between
UAVs. A natural idea to cope with this disadvantage
is simply to change the conflict definition.

In this paper we consider that two UAVs main-
tain the minimum separation if they are separated
vertically and horizontally by a safety distance. If
there is an UAV in a cell C, there is a conflict when
there is another UAV in a neighboring cell to C. The
following definitions are considered in this paper:

• Neighboring cells to C: is the set of cells
whose distance is less than the safety distance
considered (see Figure 4).

Figure 3. Disadvantage of the grid model: UAV3 and UAV4 are in
conflict while UAV1 and UAV2 are not.

• Conflict: a cell C crossed by an UAV is in
conflict if there is another one which crosses
a cell in the neighborhood of C.

• Conflict Zone (CZ): set of consecutive cells of
two or more UAVs that are in conflict (see
Figure 5).

• Collision: there are two UAVs crossing a CZ
at once.

One of the first approaches of the collision
avoidance problem in robotics was proposed in
[25], where once all paths have been planned by
each aerial vehicle, a velocity profile that avoids
collisions in all paths is found by means of the
proposed Velocity Planning Problem (VPP) methods
assigning velocities.

The VAP addressed in this paper can be defined
mathematically as follows: Let U = {U1, ..., Un}
be a set of UAVs represented by points in a three-
dimesional space moving with constant initial veloc-
ities onto straight lines. Each UAV has a constrained
interval of available velocities and when a collision
is detected, a velocity is assigned to each of the
involved UAV. The initial velocities are modified
under the constraints, such that the collision is
avoided and the total deviation from the initial
velocities is minimized.

In this model, each UAV Ui has an initial tra-
jectory identified by its initial velocity vi. These
velocities are computed to optimally perform a
given mission. The method finds new velocities such
that a given criterion is optimized. The objective
function or total deviation can be modeled as:
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Figure 4. Examples of neighboring cell definition with different
safety distances.

Figure 5. Conflict zone (gray) in a scenario with two UAVs. The
safety distance is given by two cells.

J =
n�

i=1

Ci�

j=1

�
tij − t

�
ij

�2 (1)

where n is the number of UAVs of the system, Ci

is the number of cells crossed by the Ui, tij and t�ij
are the stay times of the Ui when crossing the cell
number j in the solution trajectory and the original
trajectory respectively. Basically, the objective is to
minimize this total deviation with respect to the
initial stay time in each cell.

The VAP is NP-hard; that is to say, a polynomial
time algorithm is not possible or, unless, P=NP
[26]. Although it is generally assumed that this
problem is NP-hard, we do not know where the
proof is published. This is proved in Section III.
Therefore, we propose some strategies based on
velocity planning for the collision avoidance prob-
lem of UAVs sharing airspace. Three methods are
proposed to avoid collisions (see Section IV): 1)
the Greedy method (G), 2) the use of a constrained
version of the VAP problem in which pairs of
velocities are allocated, and 3) a heuristic approach
for velocity planning (VP) based on [22] with non
trivial modifications made in order to improve the
possible applications.

It is worth noting that it is possible to find a
solution that avoids the initial collision but generates
a new collision with other UAVs. Therefore, when
solving collisions we distinguish three types of
UAVs: the UAVs that are directly involved in the
detected potential collision, the UAVs whose trajec-
tories collide with the possible solution trajectories
of the directly involved UAVs and whose velocities
can be changed, and the non-cooperative UAVs that
would maintain their initial velocities.

III. NP HARDNESS PROOF

The NP-hardness is showed by considering a
reduction from one of the so-called one-machine
scheduling problems (see [27] for a comprehensive
survey). The problem that is reduced in this case
is the “Sequencing with Release Times and Dead-
lines” (SRD), which is strongly NP-complete [27],
[26] and defined as follows: Given N jobs - each
associated with a release time, a deadline, and a
processing time - decide whether there is a non-
preemptive schedule of these N jobs on a single
machine such that all jobs meet their deadlines.
In other words, the SRD asks for a sequence of
execution of the N jobs so that no execution of any
job is interrupted to execute any other job, no two
jobs are executed at a same time, and every job starts
not before its release time and finishes not after
its deadline. By exploiting the similarity between
jobs which are to be non-preemptively scheduled
on a single machine, and UVAs that must pass one
after another through a single cell of the discretized
space, we prove the following theorem:

Theorem 3.1: The VAP is NP-hard.
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Proof: Let ISRD be an instance of the SRD
consisting of n jobs j1, j2, . . . , jn. Each job ji has
release time tmin(i), processing time D(i), and
deadline tmax(i). We reduce ISRD to the following
instance V AP SRD of the VAP:

• All aerial vehicles UAV1, UAV2, . . . , UAVn

pass at the same time through a same cell C

of the discretized space.
• Once a vehicle enters C, it increases its speed

to the maximum possible value in order to lie
inside C the minimum amount of time, giving
more chances to other UAVs of entering C.

• The speed range of each vehicle allows UAVi

enter C at least at time tmin(i) and at most at
time tmax(i)−D(i), where D(i) is the amount
of time in which UAVi is inside C moving at
its maximum speed.

Let t(i) denote the time in which UAVi enters C. If
instance V APSRD has any feasible solution, then we
can obtain a sequence UAVπ1 , UAVπ2 , . . . , UAVπn

of the UAVs so that they enter C in this order.
Furthermore, for all 1 ≤ i ≤ n, UAVπi satis-
fies both tmin(πi) ≤ t(πi) and t(πi) + D(πi) ≤
tmax(πi). Then, jobs j1, j2, . . . , jn can be scheduled
as jπ1 , jπ2 , . . . , jπn , where job jπi starts at time t(πi),
giving a solution to instance ISRD. Proving that
instance ISRD has a solution implies that instance
V APSRD has a feasible solution is similar. There-
fore, there exists a solution to ISRD if and only if
V APSRD has a feasible solution. Then, deciding if
the VAP has a feasible solution is NP-complete and
the result follows.

In subsequent research, the use of heuristics for
scheduling problems can be explored. For example,
a related problem is the following one: Given N

tasks with release times, durations and deadlines,
find a non-preemptive schedule such that all tasks
meet their deadlines and the number of machines
used to process all tasks is minimum. This is
known as the “Scheduling with Release Times and
Deadlines on a Minimum Number of Machines”
and it is NP-hard [27]. In the same paper some
approximation algorithms and heuristics were also
proposed. It should be noted that if one is able to
modify not only the speed but also the altitude of
the UAVs in the cell of the space through which they
pass at the same time, the cell could be considered
a multiprocessor. Each processor of the cell will
correspond to a different altitude, in charge of

scheduling the entrance and departure times of the
UAVs.

IV. PROPOSED METHODS

In this section we present three CDR methods
for UAVs, all based on speed planning. When
the trajectories are computed, our methods check
whether there are some UAVs whose trajectories
could be in conflict. When such a case is identified,
a further computation decides whether there would
be a collision. A potential collision is solved by
changing the stay times of each UAV in each cell;
that is, by assigning a velocity profile to each UAV.

The proposed methods are centralized. Scalability
is one of the most important advantages of decen-
tralized methods have, while centralized methods
could present a disadvantage for being prone to
failures in the central system. The aim in this paper
is to search for near-optimal solutions. For this
reason, the planned trajectories of all UAVs must
be known. However, scalability can be achieved in
centralized methods by applying it not to the whole
system but to a subset composed only by the UAVs
involved in a conflict (see section II).

A. Greedy method

The Greedy method (G) works as an on-line algo-
rithm in which the decision concerning some UAVs
in conflict, whose speed must be modified, does not
use any information related to future conflicts. The
problem can be reduced to an on-line scheduling
problem [28].

Let U = {U1, U2, ..., Un} be the UAVs and
assume that their initial speeds are the possible
maximum ones, respectively. It is also assumed that
the cells of the space are enumerated. We further
consider that each UAV Ui flies from time t = 0
to time t = tf passing through some cells of the
space. Then, for each UAV we partition its flight
time-line [0, tf ) into intervals, where each interval
corresponds to the period of time in which Ui passes
through a cell. In other words, each time-line of any
UAV is a consecutive sequence of labeled intervals,
meaning the sequences of cells UAV Ui passes
through (see Figure 6(a)).

For the sake of simplicity, the Greedy method
is presented for conflict cells. However, it can be
generalized to conflict zones.
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Figure 6. Greedy algorithm. UAV1 passes through cells 3, 5, 1, 2
y 7. When t = t1 (a) the velocity of UAV2 is decreased delaying its
stay on cell 5 for avoiding the collision with UAV1 in cell 3 (b).

Let Ui(t) denote the label of the cell in which
UAV Ui is at instant of time t. The Greedy method
considers the arrangement of labels Ui(t) and makes
a sweep from t = 0 to tf while changing the speed
of the UAVs accordingly in order to maintain the
invariant that, at any time t, no pair of distinct UAVs
Ui and Uj , such Ui(t) = Uj(t) exists. In order to
achieve this goal the following rule is applied: If
at instant t some UAV Ui enters to the cell labeled
k and there exists an UAV Uj such that Uj(t) =
k, then the speed of Ui is decreased to avoid the
collision with Uj on that cell. Figure 6 shows an
example where the outcome of situation (a) in which
UAV2 tries to enter in cell 3 in which UAV1 is
passing through, is situation (b) where UAV2 enters
cell 3 at the same time as UAV1 leaves.

Suppose that at instant t in the sweep, UAV Ui

is in cell k, and UAV Uj and UAV Up enter cell
k. It must be decided whether Uj or Up is more
retarded. This case is called decision situation and
the decision taken might cause new conflicts for
future instants of time, or possibly lead to a point in
which there is no way of avoid collisions between
the UAVs.

The Greedy method described above has been im-
plemented as a first or preprocessing step, working
as follows. If no decision situation is found then an
optimal solution for the VAP problem is obtained.
Otherwise, the Greedy method is stopped because
it cannot guarantee to obtain an optimal solution.
At this point any approximation method (e.g. any
of those proposed in following sections) can be
applied.

B. The discrete allocation problem
In this section we consider the discrete velocity

allocation problem (DVA), that is, the VAP subject

xi xj

Fij = (xi ∧ xj) ∨ (xi ∧ xj)

Figure 7. Fij means that UAVi and UAVj do not collide if they
have the same velocity, either v0 or v1.

to a discrete set of velocities. A solution for this
problem gives an approximation to the general con-
tinuous VAP. Given a partition of the interval of
velocities v1, v2, . . . , vm assign a vi to each UAV
such that there is no collision between the UAVs
when they move constantly with the allocated speed.
Firstly, we deal with an easier problem, called
the Two Velocity Assignment Problem (2-VAP)
in which two fixed velocities v0 and v1 are only
considered. Let UAV1, UAV2, . . . , UAVn be the n

UAVs.
Theorem 4.1: The 2-VAP can be solved in O(n2)

time in the worst case.
Proof: Consider n logic variables

x1, x2, . . . , xn, where xi = 0 if UAVi is assigned
velocity v0, and xi = 1 otherwise. For each pair
UAVi, UAVj of UAVs we can test that assignments
of velocities do not collide (i.e. assignment of 0’s
and 1’s to xi and xj). Then, we can obtain a logic
formula Fi,j , with variables xi and xj , such that
all its positive interpretations imply an assignment
of velocities to both UAVi and UAVj , so that
they never collide. Each Fi,j can be rewritten in
Conjunctive Normal Form with two variables per
clause (i.e. xi and xj) (see Figure 7).

Therefore, our problem is reduced to assign-
ing 0’s and 1’s to x1, x2, . . . , xn such that F =�n

i=1 Fi,j = 1, where F is also in Conjunctive
Normal Form with two variables per clause. This
is an instance of the 2-SAT problem which can
be solved in polynomial time as follows [29]: Let
GF = �V,E� be a directed graph, where V =
{x1, x̄1, x2, x̄2, . . . , xn, x̄n} and (α, β) ∈ E if and
only if there exists in F a clause logically equivalent
to ᾱ ∨ β (see Figure 8).

It holds that F is unsatisfiable if and only if
for some xi there exist in GF a path from xi to
x̄i and a path from x̄i to xi. Thus, polynomial
time algorithms on path searching in graphs can be
applied. A refined algorithm running in O(n + n�)
time is possible [29], where n� is the number of
edges of GF . Since n� is O(n2) in the worst case,
the result follows.
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Figure 8. The graph GF corresponding to F = (x̄1 ∨ x2) ∧ (x̄2 ∨
x3) ∧ (x1 ∨ x̄3) ∧ (x2 ∨ x3).

It is worth noting, using arguments similar to the
above ones, that whenever three or more velocities
are used instead of two, the problem can be reduced
to an instance of the k-SAT problem (k ≥ 3), which
is NP-complete [26].

Using the above algorithm to solve the 2-VAP,
we can give an approximation algorithm to the
discrete version of the VAP. We solve the 2-VAP
for each pair of velocities and, if a pair of velocities
avoiding collision exists, it can be identified as an
approximation to the optimal trajectory. Then, we
select the best pair of velocities found, that is, that
minimizing the deviation from the initial trajectory.
By applying this approach, we assign two velocities
to the UAVs, without collisions, from a finite set
of velocities. Since O(m2) pairs of velocities are
tested, the time complexity of this approximation
is O(m2(n2 + t)) in the worst case, where t is the
time spent in computing the total deviation from the
initial trajectories.

This algorithm is very efficient in dense airspace
although the solution is an approximation to the
optimal deviation. Therefore, the use of this al-
gorithm involves considering a trade-off between
computation time and flight plan deviation.

C. Heuristic velocity planning with optimization
phase

This method can also be applied in the case where
the Greedy method does not solve the avoiding
collision problem. The method, that will be called
VP, is based on the algorithm presented in [22]. The
method has two steps:

• Search tree step, which finds a solution if it
exists by exploring all possible arrival orders
to each conflict zone, and

• Optimization step, which minimizes a cost
function.

In this method each UAV trajectory is decom-
posed into zones that consist of groups of cells (see
Section II). In contrast, the method proposed in [22]
considers each cell separately.

1) Search tree step: This step asks if the collision
avoidance problem can be solved by performing
changes in the velocity profiles of the UAVs. The
goal of the search tree algorithm is to obtain arrival
orders to each CZ that provide a valid solution. In
this step, we assume that all the vehicles travel at
their maximum velocity. Then it is only possible to
decrease their velocities to avoid a collision.

Let us consider a scenario with two UAVs and
only one CZ described in Figure 5. The building of
a tree is described in Algorithm 1. Each node of
a tree represents a visited cell for the UAV. Let us
consider two nodes, Ni and Ni+1, that are related to
neighbor cells, C(i) and C(i+ 1). We assume that
Ni is the parent of Ni+1. The corresponding edge
between them has assigned a weight w. This weight
is calculated according to the following formula and
considering maximum speed of each UAV (see step
7):

w(Ni, Ni+1) = tin(C(i+ 1))− tin(C(i)) (2)

where tin(C(j)) represents the entrance time to
the cell C(j).

Let us also define the arrival order to a CZ as the
order in which the UAVs pass through it. This order
is determined by the estimated arrival time to the CZ
of each UAV (see step 2) and influences the building
of each tree in order to decide if the building
stops or continuous by comparing the arrival time
to the CZ with the time of the UAVs preceding.
Therefore, for n vehicles, a CZ has n! different
arrival orders. All the possible arrival orders are
explored until a solution is found. In the scenario
showed in Figure 5, there are two arrival orders and
the first one to be tested is UAV2-UAV1 because
UAV2 arrives before.

First, the tree is built for UAV1, then for UAV2
and so on when there are more UAVs. Whenever a
CZ is reached, the tree only calculates its following
weight if all UAVs that precede the UAV which
is building its tree, given by arrival order, have
already calculated the weights of the edges related
to that CZ (steps 8 and 9). Figure 9 represents the
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Algorithm 1 Search Tree Algorithm
1: repeat
2: Get the arrival order to all conflict zones to

be checked.
3: Start the trees of all UAVs.
4: while there are some trees not completed and

there are not any unavoidable collision. do
5: for each tree do
6: if the tree is not completed then
7: Calculate the minimum weights of the

next edges up to the next conflict
node.

8: if the end was not reached and all
previous vehicles have calculated the
weights of their conflict edges then

9: Calculate the weight of the conflict
egde.

10: if a collision has been detected
then

11: Go back and create new branches
that solve the collision. Back-
track also related trees.

12: if the beginning of the tree is
reached then

13: An unavoidable collision has
been detected

14: end if
15: end if
16: end if
17: end if
18: end for
19: end while
20: until A solution is found or all arrival orders

have been unsuccessfully checked.
21: return The arrival order of the solution, or an

error if not found.

complete trees in the proposed example. Note that
the horizontal length of each edge is proportional
to its weight. In this case, when UAV1 comes in
CZ1, instant t1, it does not continue building its
tree because the UAV before it, UAV2, has not
calculated its weights of the edge related to that
CZ, so the UAV1 tree is stopped and the UAV2 tree
is started and completed. Otherwise, the algorithm
will continue with the tree of the UAV1.

Whenever a weight related to the CZ is calcu-
lated, the algorithm checks if the arrival time to that
conflict leads or not to a potential collision with

Figure 9. Trees generated in the example scenario. UAV2 tree only
has one branch because is the first UAV that passes through CZ1.
UAV1 has two branches because a collision has been detected in
CZ1 so a backtracking process starts.

regard to the UAVs preceding. In this case, when
the weight associated with the CZ of UAV1 tree is
calculated in the upper branch, a potential collision
is detected with UAV2. If a potential collision is
detected, then the algorithm creates a new branch in
the tree, assigning greater weights (that is, greater
differences of the entrance time, so speed decreases)
in as fewer edges as necessary in order to avoid
that potential collision (step 11). The lower UAV1
branch represented in Figure 9 is generated and the
potential collision is avoided because UAV1 comes
in CZ later, instant t2, that is, when UAV2 is leaving
CZ. If the collision cannot be avoided considering
the speed constrains of the UAV, the algorithm fails
with the proposed arrival order and another arrival
order has to be checked (steps 12 and 13).

The complexity of the algorithm grows as the
number of CZs increases. Let us assume that there
are m CZs with n UAVs, where ni of them
are involved in the ith conflict. So, a total of
n1!n2!, . . . , nm! different orders should be checked.

The first arrival order is determined by the esti-
mated arrival time to a CZ of each UAV. Then, each
tree is built considering the arrival order to detect
potential collision. If no solution is found with the
first arrival order, a new order should be checked.
The algorithm permutes the arrival order to the CZ
from the cost function J . The CZ with highest cost
is chosen to define the arrival order. This cost is
defined as:

Ji = µi − σi (3)
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where µi and σi are the mean and standard
deviation of the set of estimated arrival times of
each UAV to the CZ. The mean of the arrival times
to a CZ is considered because a change in earlier
CZs can affect the following CZs. The standard
deviation is included in order to take into account
the differences between the arrival times of the
different UAVs to a CZ. In order to find a solution, it
is advisable to change the arrival order to a conflict
where all the estimated arrival times of the vehicles
involved in it are similar.

The backtracking process takes place when a
collision is detected and a new tree should be built
for one or more UAVs. In this case, the backtracking
process can become more complex than the previous
case considering one CZ. Note that the backtracking
process is only done for the UAVs which arrive to
the corresponding CZ later.

2) QP-problem: When the search tree algorithm
finds a solution, we have a valid arrival order for
all the CZs in the collision avoidance problem. At
this point, an improvement on the objective function
can be done by solving a QP-problem. The QP-
problem minimizes a quadratic cost function with
linear constraints. Let us consider a cost function
in order to obtain the most similar trajectory to the
initial one. The considered cost function is:

JQP =
n�

i=1

mi�

k=1

�
tik − t

ref
ik

t
ref
ik

�2

(4)

where tik is the stay time in the kth CZ visited
by the UAVi and t

ref
ik is the stay time in the initial

trajectory. n represents the number of UAVs of the
system and mi the number of CZs crossed by the
UAV Ui.

It should be noted that a new denominator term
has been introduced with respect to (1). This is
necessary in this method because the optimization is
computed CZ by CZ instead of cell by cell. The stay
time in each CZ can be very different, so without
this term very large variations in the stay time in
small CZs can be produced, leading to saturations
in the velocity control signal.

The constraints of the model are:

tik − aikvik − bik ≤ 0 (5)
cik + dik − tik ≤ 0 (6)

The maximum and minimum stay time in each
cell depends on the initial velocity at those cells, vik.
This dependence is in fact non linear, but we have
to linearize it in order to formulate the QP-problem.
This is achived by interpolation with aik, bik, cik and
dik as the interpolation coefficients. Moreover, the
following constraints regarding vik are considered:

vik − vmax ≤ 0 (7)
vmin − vik ≤ 0 (8)

|vi,k − vi,k−1| ≤
ai,maxdi,k−1

vref
(9)

∀i = 1...n, k = 1...mi

The first two constraints are given by the UAV
model, and the third one relates the initial velocity in
one cell with the other in the previous cell because
of the maximum acceleration constraint. In the third
equation, ai,max represents the maximum desired
acceleration of the UAVi and di,k represents the
distance traveled by the UAVi in the kth CZ.

Finally, in order to avoid collisions for each CZ
and each UAVi that has to cross that zone imme-
diately before than an UAVj , the next constraints
should be considered:

Q�

k=1

tmk −
P−1�

k=1

tlk ≤ 0 (10)

where P indicates the entry cell in the CZ of the
UAVj and Q indicates the leaving cell of the UAVi.

The above optimization problem can be solved by
means of the QP-solver implemented in the Com-
putational Geometry Algorithms Library (CGAL)
[30].

V. SIMULATIONS

The three methods have been implemented and
several simulations have been carried out. The al-
gorithms have been run in a PC with a 2GHz Dual
Core processor and 2 GB of RAM. The operating
system used in the simulations was Linux Debian
Testing with kernel 2.2.24. The code has been
written in the C++ language and compiled with the
compiler included in gcc-4.1.2.

In order to compute the trajectories it was nec-
essary to model the behavior of the aerial vehicles.
The simple model for a controlled UAV proposed in
[31] was used in the simulations. This model allows
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us to reduce the computational time expended in
simulations. Nevertheless, in the proposed methods
it was also possible to use models of arbitrary
complexity.

Three different scenarios (S1, S2 and S3) were
considered to perform the following four studies:

1) To describe the changes of speed required to
solve conflicts by considering non-cooperative
UAVs. S1 shown in Figure 10 is used.

2) To analyze how the computing time of each
method depends on the considered scenario
(see Figure 12 and Figure 13).

3) To obtain values of (1) introduced in Section
II in order to compare the kindness of the so-
lutions obtained by each method. The solution
is better when the solution trajectory is closer
to the initial trajectory; that is, values of (1)
are lower.

4) To check how the computing time depends on
the safety distance,i. e., the minimum number
of cells between two UAVs.

In S1 the size of the cell is 150m and the safety
distance is 4 cells. In S2, the size is 150m and the
safety distance is 3 cells, and in S3 they are 100m
and 6 cells.

In the first study, the goal is to show how the
detected conflicts can be solved by changing the
speed of each UAV when there are non-cooperative
UAVs. In this simulation, five UAVs fly on a circular
scenario sharing airspace (see Figure 10). UAV1 is
non-cooperative so the speed cannot be changed.
Therefore, UAV2, UAV3, UAV4 and UAV5 must
change their speed profiles to avoid the detected
conflicts in the center of the circle. The speed
profiles computed for each cooperative UAV are
shown in Figure 11. Firstly, all cooperative UAVs
decrease their speed before entering the CZ. When
an UAV comes into the CZ it increases its speed
in order to exit more rapidly. The entry order in
this case is: UAV 1, UAV 3, UAV 4, UAV 2, UAV 5.
Finally, each UAV returns to its initial speed. It has
been shown how several changes of speed for each
UAV can solve the conflicts. Thus, the deviation
from the initial trajectory is smaller.

Regarding the second study, the results obtained
in the Greedy method in S2 and S3 are shown in
Table I for different numbers of UAVs. In all cases,
the solution is found. The initial speed has been
set to the cruise speed (53.5m/s). The computing
time, T (s), is low and grows almost linearly with

Figure 10. First simulation scenario (S1).

Figure 11. Speeds computed for UAV2, UAV3, UAV4 and UAV5
to avoid the detected conflicts.

the number of UAVs. This method is good when a
solution is needed in a short time (from milliseconds
to seconds). Finally, if we take into account the
comparison criteria J , the values obtained are quite
low and in most cases are also the lowest of the
three methods.

The results obtained with the DVA method (2-
VA) are shown in Table II for v1 = 45.0m/s and
v2 = 55.0m/s. The execution time is the lowest of
all three methods that are presented in this paper.
Therefore, this method can also be used when a
solution needs to be computed in seconds.

An important characteristic of this method is that
the computing time and the number of solutions do
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Figure 12. Second simulation scenario (S2).

Figure 13. Third simulation scenario (S3).

Table I
RESULTS OBTAINED FROM THE GREEDY APPROACH

CONSIDERING S1 AND S2.

UAVs Scenario 2 Scenario 3
T(s) J(s2) T(s) J(s2)

2 0.05 3.91 0.04 2.32
3 0.10 3.92 0.10 8.19
4 0.12 3.92 0.13 8.19
5 0.18 4.64 0.19 22.35
6 0.21 4.64 0.31 22.35
7 0.33 4.64 0.37 22.35
8 0.38 4.65 0.44 22.35
9 0.44 4.65 0.52 22.35
10 0.60 4.65 0.59 22.36

not depend on the scenario considered. This method
recalculates the stay times of each UAV in all visited
cells for both low and high speeds. This method
usually provides more than one possible solution,
whenever this happens the one that gives the lowest
value of J is chosen.

Table II
RESULTS OBTAINED FROM THE PROBLEM WITH DVA METHOD

(2-VA): v1 = 45m/s, v2 = 55m/s.

UAVs Scenario 1 Scenario 2
T (s) J(s2) T (s) J(s2)

2 0.01 93.96 0.01 30.44
3 0.04 174.40 0.04 111.50
4 0.08 176.20 0.07 113.10
5 0.13 274.70 0.11 182.10
6 0.20 276.60 0.18 183.90
7 0.28 278.70 0.23 185.40
8 0.36 280.60 0.30 186.70
9 0.49 282.70 0.34 187.50

10 0.69 284.40 0.40 188.40

When the number of UAVs is low, most of the
time is spent in simulating the trajectories of each
UAV. Only one simulation is done for each UAV,
so we can conclude that its complexity is approx-
imately O(n), where n is the number of UAVs in
the system. However, the time spent in graph search
becomes dominant as the number of UAVs becomes
greater, as calculated in Section IV-B.

Table III shows the results obtained when us-
ing the DVA in order to check a set com-
posed by more than two velocities (see Section
IV-B). In these simulations, a set of five veloci-
ties V = {45.0, 47.5, 50.0, 53.5, 55.0}m/s is con-
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sidered, called the Five Velocity Assignment (5-
VA). Considering more velocities, better solutions
are obtained, i.e. lower values of J . On the other
hand, the computing time becomes greater in a very
noticeable way. Moreover, this time grows faster as
the number of UAVs increases.

Table III
RESULTS OBTAINED FROM THE PROBLEM WITH DVA METHOD

(5-VA): V = {45, 47.5, 50, 53.5, 55}m/s.

UAVs Scenario 1 Scenario 2
T (s) J(s2) T (s) J(s2)

2 0.26 1.97 0.12 1.61
3 0.80 3.56 0.57 12.7
4 2.26 14.74 1.69 14.2
5 5.54 28.6 3.10 42.0
6 7.71 30.5 7.47 42.0
7 14.9 32.6 11.9 42.0
8 22.7 34.5 14.0 42.0
9 31.9 36.1 23.9 42.0
10 51.2 37.6 32.4 42.0

The computing times obtained with the heuristic
VP method in S2 and S3 are shown in Table IV
and Table V, respectively. This method finds good
solutions but the computing time is higher than that
for the Greedy and DVA methods and it significantly
increases with the number of UAVs considered. De-
spite of this, this method can be efficiently applied
in real-time to a system composed of a maximum
of 6 UAVs when the solution has to be computed
in few seconds.

Note that the computing time required to detect
conflicts also increases with the number of UAVs
because more CZs are detected. The computing
time for a QP-problem increases because new CZs
appear, thus adding constraints to the system. Simi-

Table IV
COMPUTATIONAL TIME SPENT IN ALL PHASES OF THE

ALGORITHM AND CRITERIA RESULTS OF THE SOLUTIONS
OBTAINED IN S2 FROM THE HEURISTIC VP METHOD.

UAVs Conflict(s) S. T.(s) QP(s) T (s) J(s2)
2 0.044 0 0.020 0.064 0.857
3 0.188 0 0.096 0.284 0.859
4 0.716 0.004 0.708 1.428 0.861
5 1.804 0.008 2.608 4.420 0.894
6 4.032 0.024 11.425 15.481 0.896
7 7.456 0.028 29.854 37.332 0.967
8 14.065 0.052 83.717 97.834 0.969
9 23.073 0.06 4 179.455 202.593 1.105
10 38.078 0.104 287.046 325.228 1.109

Table V
COMPUTATIONAL TIME SPENT IN ALL PHASES OF THE

ALGORITHM AND CRITERIA RESULTS OF THE SOLUTIONS
OBTAINED IN S3 FROM THE HEURISTIC VP METHOD.

UAVs Conflict(s) ST(s) QP(s) T (s) J(s2)
2 0.032 0 0.016 0.048 5.95
3 0.336 0 0.060 0.396 69.97
4 1.128 0.004 0.472 1.604 69.97
5 2.660 0.012 1.356 4.028 217.30
6 6.200 0.020 14.981 21.201 223.20
7 9.677 0.088 37.190 46.955 223.20
8 13.933 0.088 38.930 52.951 223.20
9 18.481 0.112 46.383 64.976 223.20

10 23.913 21.417 78.061 123.392 223.20

larly, the number of variables considered in the QP-
problem also increases when new UAVs are added
to the system. Two variables are needed for each
CZ that is crossed by an UAV.

The computing time for each method in S2 and
S3, can be compared from the results in Tables I, II,
III, IV and V. The strong dependency of the comput-
ing time needed by both 5-VA and the VP method
with the number of UAVs is very significant. On
the other hand, this dependency is less significant
for the 2-VA and Greedy methods and the growth
of their execution time is almost linear. However, the
differences in time required are not noticeable if the
number of UAVs in the system does not exceed 6.

The computational cost of the collision avoidance
methods, when the safety distance (i.e., the number
of cells) changes, is shown in Figure 14. Note that
this factor does not have noticeable effect on the
computing time in the Greedy and DVA methods.
In the VP method, however, the computing time
increases as the safety distance is increased. This
extra time is spent in the conflict detection phase
of the algorithm and arises due to the growth of
CZs, which in turn means that the conflict database
contains more items and it is more expensive to
generate it.

VI. CONCLUSIONS

In this paper, the conflict resolution problem for
multiple UAVs in a common airspace is studied.
It has been proved that this problem is NP-hard
(see Section III). Three different methods have been
proposed for collision avoidance of UAVs sharing
airspace (see Section IV). These methods are based
on different strategies: the greedy approach, a dis-
crete velocity allocation (DVA) problem considering
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Figure 14. Computing time for each method on varying the number
of cells in S2.

pairs of velocities and the velocity planning based
on [22] but with some changes made to improve the
application conditions.

The proposed methods avoid the conflicts by
changing only velocities and maintaining the space
trajectories. Furthermore, the conflicts are solved
minimizing the time deviations with respect to ini-
tial trajectories that are assumed to be optimally
computed and then should be maintained as much
as possible when avoiding conflicts.

The work described here has led to advances
in conflict resolution methods that consider speed
changes under dense airspace. The most important
advantages with respect to previous works are: low
computational time; multiple UAVs are considered
in different scenarios with non-cooperative UAV;
and the detection of conflicts takes into account
several UAVs rather than just a pair of UAVs as,
for example in [11]. Furthermore, the third proposed
method allows the speed profile to be changed in
such a way that each UAV can return to its initial
speed after solving the conflict, so more than one
speed change is allowed.

The proposed methods can be integrated into
a Conflict Detection and Resolution system. The
first option would be to compute a solution with
the Greedy method because its computing time is
lower. This method provides an optimal solution
if no decision situation is found. If the Greedy
method does not identify a solution, then the DVA
method can be used to compute a solution. The
main advantage of the Greedy and DVA method
is the low requirements to compute the solution in
short time. As a final option the VP method can
be used to compute a near-optimal solution. This

method computes an approximated solution, with a
small deviation from the initial trajectory, but the
computing time is higher and then its application is
constrained by the computational resources required
to obtain the solution within the time constraints.

All implemented methods have been validated
for a different numbers of UAVs and in different
scenarios. Our study suggests that the proposed
methods are suitable for application in real time.
We plan to validate these methods by experimenting
with several UAVs.

Another possible future study would involve new
cost functions that consider other objectives of the
UAV such as minimum fuel consumption, minimum
arrival time, maximum clearance, etc.
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