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Abstract. We study a class of geometric optimization problems closely
related to the 2-center problem: Given a set S of n pairs of points, assign
to each point a color (“red” or “blue”) so that each pair’s points are as-
signed different colors and a function of the radii of the minimum enclos-
ing balls of the red points and the blue points, respectively, is optimized.
In particular, we consider the problems of minimizing the maximum and
minimizing the sum of the two radii. For each case, minmax and minsum,
we consider distances measured in the Lo and in the L. metrics. Our
problems are motivated by a facility location problem in transportation
system design, in which we are given origin/destination pairs of points for
desired travel, and our goal is to locate an optimal road/flight segment
in order to minimize the travel to/from the endpoints of the segment.

1 Introduction

Consider a transportation problem in which there are origin/destination pairs
of points between which traffic flows. We have the option to establish a special
high-priority traffic corridor, modeled as a straight segment, which traffic flow
is to utilize in going between pairs of points. The corridor offers substantial
benefit, in terms of safety and speed. Our goal is to locate the corridor in such a
way that we minimize off-corridor travel when traffic between origin/destination
pairs utilizes the corridor.

Models dealing with alternative transportation systems have been suggested
in location theory [9,16], and simplified mathematical models have been widely
studied in order to investigate basic geometric properties of urban transporta-
tion systems [1]. Recently, there has been an interest in facility location problems
derived from urban modeling. In many cases we are interested in locating a high-
way that optimizes some given function that depends on the distance between
elements of a given point set (see for example [4,7,10,14,15]).

In this work, we are motivated by an application in air traffic management, in
which the use of “flow corridors” (or “tubes”) has had particular interest. Flow
corridors have been proposed [18,19,20,21] as a potential means of addressing
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high demand routes by establishing dedicated portions of airspace designed for
self-separating aircraft, requiring very little controller oversight.

We consider a simplified model closely related to the well-known 2-CENTER
problem. In the standard 2-CENTER problem, we are given a set of n points
representing customers and the goal is to locate two facilities in the plane to
minimize the largest Euclidean distance from a customer to its nearest facility.
This problem received much attention in recent years; the current best known
algorithm is due to Eppstein [13]. The RECTILINEAR 2-CENTER problem, using
the Li- or Lo.-metric, is solved in linear time [11], and the discrete version is
considered in [6].

In our setting, the set S consists of pairs of points (origin/destination pairs)
in the plane. We seek two “centers”, which define the endpoints of a corridor.
Traffic travels from its origin to one endpoint of the corridor, follows the corridor
to the other endpoint, then proceeds directly to its corresponding destination.
(Refer to Fig. 1, which depicts a scenario in the air traffic setting.) While there
are numerous practical considerations when designing optimal transportation
corridors, we concentrate on minimizing the distance that traffic must travel
outside of the corridor.

O A2

Fig. 1. Schematic of a flow corridor (bold segment) servicing air traffic between blue
and red points (airports). Distances between the airports and the endpoints depend on
the radii of the disks.

The general optimization problem we study can be formulated as follows:

The 2-CENTER COLOR ASSIGMENT problem: Given a set S of n pairs of points
in the plane and two colors (red and blue), assign different colors to the points
of each pair of S, in such a way a function on the size of the minimum enclosing
balls of the red and the blue points, respectively, is minimized.

Problems studied. We deal with four variants of the 2-CENTER COLOR As-
SIGMENT problem according to the optimization criteria and the metric used.
Suppose a color assignment is given and let R and B be the sets of red and
blue points, respectively. We consider two optimization criteria: the first one
is to minimize the maximum of the radii of the minimum enclosing balls of R
and B, respectively, while the second one is to minimize their sum. In each
criterion, we study the problem for both the L., and the Lo metrics. We con-
sider then four variants of the 2-CENTER COLOR ASSIGMENT problem and they
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| METRIC | ALCORITEM | MINMaAX |  MINSUM |

| Lo | exact [ O(n) | O(nlog’n) |
L, exact O(n*log”n) | O(n® polylogn)
Lo (1+¢e)-apx O(n) O(n)

Table 1. Summary of the running times of the algorithms presented for the variants
of the 2-CENTER COLOR ASSIGMENT problem.

will be referred as: the MINMAX-L., problem, the MINMAX-Ly problem, the
MINSUM- Ly, problem, and the MINSUM-Ly problem. A natural simplification
of these problems is the PAIRS OF POINTS 1-CENTER problem which consists
in finding a minimum ball enclosing at least one point of each of the pairs. We
consider the corresponding versions of this problem in the L., and Ly metrics.
We refer to them as the PAIRS OF POINTS L., 1-CENTER problem and the
PAIRS OF POINTS Ly 1-CENTER problem, respectively.

It is worth noting that the restriction on the coloring of pairs of points makes
our problems rather different from the classic 2-CENTER problem, and it seems
that we cannot directly apply any similar methods to our case. Our problem is
also similar to the min-max-min problem studied in [8], although the distance
function used there is simpler, leading to a considerably simpler problem.

Results. We present exact algorithms for all the four variants, with running times
summarized in Table 1. In addition, based on our linear-time algorithm for the
MINMAX-Ls problem, we present an O(n)-time (1 + €)-approximation that
works for both the MINMAX-Ls problem and the MINSUM-Ls problem, which
gives simple and fast alternatives to the, slower, exact algorithms. In addition, we
solved the PAIRS OF POINTS L., 1-CENTER problem and the PAIRS OF POINTS
Ly 1-CENTER problem in O(n log® n) and O(n? polylog n) time, respectively. The
solution given to these two problems are used in the solutions to the MINSUM
problems.

Notation. Set S denotes the set of n pair of points. By Cr and Cpg we denote
the two balls that form an optimal solution, ball Cr covers the points colored
red and ball Cg covers the points colored blue. Given a point u, we denote by
x(u) and y(u) the - and y-coordinates of u, respectively.

Outline. Then MINMAX-L, problem and the MINMAX-Ls problem are stud-
ied in Sections 2 and 3, respectively. In Section 4 we consider both the PAIRS
OF POINTS L., 1-CENTER problem and the PAIRS OF POINTS L, 1-CENTER
problem. In Sections 5 and 6 the MINSUM-L,, problem and the MINSUM-L,
problem are solved, respectively. Finally, in Section 7, we state the conclusions
and further research.
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2 The MINMAX-L, problem

Let H denote the smallest axis-aligned rectangle covering S. Using the local
optimality, we can assume, without loss of generality, that Cr and Cp have
equal radius and that each of the two disks (squares) has one of its vertices
coinciding with a corner of H. We consider two fixed vertices of H and anchor
Cr and Cp to them. For each pair (p,p’) of S let rp, be the smallest radius
that Cr and C'p must have in order to satisfy that one element of (p,p’) belongs
Cr and the other element belongs to C'z. Observe that 7, ,, can be computed
in constant time. Therefore, the smallest feasible radius of Cr and Cp subject
to their anchors, is equal to the maximum of r, ,» among all pairs (p,p’) of S.
Since we have that H can be found in linear time, there are O(1) combinations
of vertices of H to anchor Cr and Cpg, and the smallest feasible radius of Cr
and Cp for each anchor combination can be computed in linear time, then the
next result is obtained.

Theorem 1. The MINMAX-L, problem can be solved in optimal time ©(n).

3 The MINMAX-L, problem

3.1 An exact algorithm

We assume that optimal disks C'r and C'p have equal radius denoted by r*. Ob-
serve that we can further assume that one of the disks is the minimum enclosing
disk of its corresponding points of S, that is, it is a solution to the 1-CENTER
problem of those points. The overall idea is to perform a binary search on all
the candidate radii r for Cr and Cp, testing if there is a feasible solution in
which the radius 7 of both disks is equal to r. Since the minimum enclosing disk
of a set of n points is defined by either two or three points, there are O(n?)
candidate values for r. For each candidate radius r that we try, we test all disks
of radius r that have two points from S on its boundary. Each of those disks
will be a candidate for one of the two disks that need to be found. W.l.o.g., we
assume that it will be the disk C'g. Once a candidate Cy is fixed, we will test if
there exists a feasible second disk C'p with radius at most r. Depending on the
latter, the binary search continues in the usual way by increasing or decreasing
the value of r. More details on the algorithm follow.

Consider one step of the binary search. In order to decide whether r* < r,
we need to test all the ©(n?) disks Cr. These disks correspond to the two disks
having radius r through every tuple of points p, ¢ of S (p and ¢ do not necessarily
form a pair). For a given Cg, we can decide in O(nlogn) time if Cr and some
other disk of radius r form a feasible solution. We proceed as follows. If there
are pairs of S with both points outside C'g, then Cg is discarded as a candidate
disk. Otherwise, Cr covers at least one point of each pair. The question is then
whether a feasible second disk Cp exists. Three situations can occur.

1. If each pair of S has only one point in C'g, then all these points are colored
red and we can take Cp as the minimum enclosing disk of the remaining
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(blue) points. There is a feasible solution for Cg if and only if the resulting
C'p has radius at most r.

2. If both points of each pair are inside Cg, then r* < r.

3. Otherwise, in the most general case, some (but not all) pairs of points are
contained in Cr and we have to assign them colors in order to decide if a
blue disk C's whose radius is at most r exists.

Fig. 2. (a) The set Ip: possible locations for centers of blue disks. (b) The set Ipp:
intersection of all pairs of disks with both points inside Crg.

To assign colors to the pairs inside Cr, we start by finding the locus of the
centers of the disks with radius r that covers the points outside Cr (trivially
blue). We donote this locus by Ip, and corresponds to the intersection of all disks
with radius r centered at blue points (Fig. 3.1(a)). The region Ip is convex, its
boundary has linear complexity, and can be computed by using a divide and
conquer approach in O(nlogn) time. Let Ipp be the intersection of the double
disks of radius r centered at pairs of points inside Cr. Note that any disk with
radius r centered in Ipp covers, at least, one point of each pair inside Cg (see
Fig. 3.1(b)). Using several geometric properties of both Ip and Ipp, we prove
the following important lemma in Appendix A:

Lemma 1. The intersection Ip N Ipp can be computed in O(nlogn) time.

If this intersection is non-empty, then there exist two disks of radius r (one of
which is Cr) that form a feasible solution, and thus r* < r. Otherwise, we test
a new tuple p, g of S or, if all tuples have been considered, we decide that r* > r
and proceed with the binary search. In summary, the algorithm has two phases.
In the first phase the candidate radii are computed and sorted in O(n®logn)
time. The second phase consists in the binary search on the radii to find the
optimal value r*. Deciding each value of r costs ©(n?)-O(nlogn) = O(n?logn)
time, and this is perfomed O(logn) times. The following result is thus obtained.

Theorem 2. The MINMAX-Ly problem can be solved in O(n®log®n) time.
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3.2 An O(n)-time approximation algorithm

In this section we present a surprisingly simple algorithm that gives a linear
time (1 + €)-approximation, for any constant ¢ > 0. Our method is similar to
techniques used for approximating the standard k-CENTER problem (e.g. [2]).

First we solve the MINMAX- Lo, problem in linear time (Section 2) and obtain
the squares Qi and @ p covering the red and blue points, respectively. Observe
that this solution of the MINMAX-L. problem gives a v/2-approximations. As-
sume w.l.o.g. that Qg is larger than @ . For simplicity, rescale the point set so
that Qg becomes a 1 x 1 square having radius v/2/2. Let 7* denote the the size
of optimal disks C'r and Cp of an optimal solution to the MINMAX-Ls problem.
Then we have 1/2 < r* < v/2/2.

Next we overlay an infinite square grid on top of the point set (see Fig. 3
left). Each cell has size €/3 x £/3 for some ¢ < 1. However, we are only interested
in grid cells that, together, cover the area where the optimal (unknown) disks
Cr and Cp are. To this end it suffices to cover the area of both squares Qg and
Q5 plus a buffer around them of width v/2/2. In this way, the set of all cells
considered, denoted by C, has size O(1/¢2).
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Fig. 3. Left: grid with the set of cells C (shaded). Center: optimal disks Cr and Cp.
Right: C, is a (1 + €)-approximation of Crg.

The algorithm consists in trying all pairs of disks where each disk is defined
by two grid cells. Therefore, we try all the quadruples {a,b,c,d} of cells of C,
assuming that a and b are diametric points defining the first disk, whereas ¢ and
d are diametric points defining the second disk. Furthermore, it is enough to look
at cells a, b on the same column (i.e. vertically aligned), and columns ¢, d on the
same column as well. In this way, each quadruple {a,b,c,d} gives place to two
disks denoted by C,; and C. 4. More precisely, Cy ;, is defined as the smallest
disk that contains cells a and b. Recall that each cell is a ¢/3 x /3 square. C. 4
is defined analogously.

We then test each pair (Cy,C. q) of disks for feasibility, that is, if every
pair of points in S contains one of its points in C, ; and the other one in C, 4.
The feasibility test takes O(n) time. After trying the disks associated with all
quadruples of cells, the algorithm returns the feasible pair of disks with smallest
maximum radius. Since the algorithm tries O(1/e%) cells for each of the two
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candidate disks, the total running time is O(n /). It remains only to show that
the algorithm computes a (1 + ¢)-approximation. This is proved in Appendix B.

Theorem 3. A (1+¢)-approximation of the MINMAX-Ls problem can be found
in O(n) time for any € > 0.

4 The 1-center problems for pair of points

In this section we propose solutions to both the PAIRS OF POINTS L., 1-CENTER
problem and the PAIRS OF POINTS Lo 1-CENTER problem.

Theorem 4. The PAIRS OF POINTS L., 1-CENTER problem can be solved in
O(nlog®n) time.

Proof. Consider both the decision and the optimization problem.

Decision Problem: Given a size d > 0, does there exist a square of size 2d
covering at least one point of each pair? It can be solved in O(nlogn) time
as follows. For each point p of S, let H), be the axis-aligned square of size 2d
centered at p. Given paired points p and ¢ of S, represent the set H, U H, by
the union of at most three rectangles with pairwise disjoint interiors. Let @p 4
denote the set of those rectangles. Then the problem reduces to asking if the
depth of the arrangement induced by the union of the sets ), 4, over all paired
points p and ¢ of S, is equal to n. This can be solved in O(nlogn) time [5].

Optimization Problem: Notice that there always exists an optimal solution @
having points of S in two opposite sides, and the distance between those points
is the size of ). Then, every two points p and ¢ of S determine two values for
the parameter d, |z(p) —z(q)| and |y(p) —y(q)|- We proceed now to compute the
optimal value for d, which is equal, w.l.o.g., to |y(p) — y(q)| for two points p, q
of S. Let p1,ps,-..,p2, be the points of S sorted by y-coordinate and consider
the 2n x 2n matrix M such that:

M — ly(pi) — y(poan—j41)| fi>2n—j+1
s (i+j)—2n—-2 ifi<2n—j+1

Note that M is a sorted matrix (i.e. every row and every column is sorted)
containing all the possible values of d, and we then can apply matrix searching [3]
in order to execute the decision procedure O(logn) times. Finally, we obtain an
O(n log? n)-time algorithm since the value of every entry of M can be computed
in constant time, once we know order of S by y-coordinate. a

Theorem 5. The PAIRS OF POINTS Ly 1-CENTER problem can be solved in
O(n? polylogn) time.

Proof. We build the planar arrangement induced by all the n bisectors of the
pairs of points in S. This arrangement has O(n?) cells. For each cell we have the
n-point subset S’ C S including for each pair of S the element that is closest
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to every point within the cell than the other element. Then we solve the 1-
CENTER problem of S’ as a potential solution. If the cells of the arrangement are
processed in order (i.e. moving only between neighboring cells) then whenever
we move from one cell to an adjacent one, one point enters S’ and other point
exits S’. When it happens the solution to the 1-CENTER problem of S’ can be
updated in amortized expected O(polylogn) time, by using a suitable dynamic
data structure for the DYNAMIC 1-CENTER problem in two dimensions [12]. O

5 The MINSUM-L,, problem

Up to symmetry, there are four relative positions of Cr and Cp, as depicted
in Fig. 4. In the following, we will show how to find optimal solutions of type
a), b), or ¢). In the case in which the solution is of type d), C'g is a minimum
enclosing square of all points of .S, and C'p is a solution to the PAIRS OF POINTS
Lo 1-CENTER problem and can be found in O(nlog®n) time (Theorem 4).

u P2
C R C R CR CR

p1 ’ Cp

B P — .

Fig. 4. Relative positions of Cr and Cp.

Let H be the smallest axis-aligned rectangle covering S and let u be its top-
left vertex. Let p1, p2, and ps be the points of S contained on the left, top, and
right boundaries of H, respectively. We assume in any of the cases a), b), and
¢) that p; and py belong to the left and top boundaries of Cg, respectively, and
also that p3 and the bottommost point colored blue are on the right and bottom
boundaries of Cp, respectively. Observe from this assumption that vertex u is
fixed and vertex v is not, where v denotes the bottom-right vertex of Cp.

Algorithm overview: Consider all points of S are black, meaning that their
(red/blue) colors are undefined. We say that a pair of points of S is black if its
two points are black. We start with a square C’; covering S and with its top-right
vertex anchored at v. We color both p; and py red and their partners (in their
pairs) blue, and also color p3 blue and its partner red. Then, we apply a sweep
of S with the boundary of C; by moving its bottom-right vertex (diagonally)
towards u. The sweep events occur when the boundary of C, crosses a black point
p. In each event, we color point p blue and its partner red, and considering Cj
fixed, compute the smallest feasible square C’;. Notice that C;, having bottom-
right vertex v, covers all points colored blue, and covers, for each black pair,
the point closer to v that is not lying below v. At this point the pair (C%, C%)
is considered a candidate solution to our problem. The sweep finishes when the
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boundary of C% hits a point that has been colored red. During the sweep, we
keep track of the pair (C};, C;) minimizing the sum of their radii.

We now proceed to explain how the above sweep can be done in O(nlogn)
time. Observe that if both u and v are fixed the sweep can be done in O(nlogn)
time. This implies that we can consider only the events where points of S are
crossed by the right boundary of C’;. Indeed, the first time the bottom boundary
of C'; crosses a point p of S, which is in fact the lowest point of S, we color p
blue and then from this point forward vertex v must be the bottom-right vertex
of box H to ensure that C; covers p, and thus v is fixed. Further note that
there exist O(n) possible locations for vertex v because the bottom boundary of
optimal Cp contains the lowest point colored blue. For each of them there is no
pair of points of S whose two elements are below v. See Fig. 5(a).

bisector of p and p’ in L
N p P < |y ¢

boundary of C N boundary of C

-— -—

Fig. 5. (a) The possible positions v1,...,vs for vertex v. (b) One sweep case. (c) The
other sweep case.

Let v1, v, ..., v, denote from bottom to top the possible positions for vertex
v. At any moment in the sweep let 7(v;), i € [1..k], denote the size of the small-
est feasible square C'; having v; as bottom-right vertex. We design a dynamic
efficient data structure (called DS) so that for each sweep event, DS reports in
O(logn) time both v; and r(v;) where j = argmin cp g 7(v;).

At the be beginning of the sweep, we first compute r(v;) for all ¢ € [1..k].
Observe that this computation is a one-dimensional problem and we show in
Appendix C how it can be done in O(nlogn) time. After that, we build DS as
follows. DS is a balanced binary tree with k leaves, which are, from left to right,
the points vy, va, ..., vk. We augment every node z with four values «, 3, v, and
p so that: « is the minimum r(-) of the leaves descendant of z; § is a reference
to a leaf descendant of z minimizing r(-) (i.e. r(8) = a); 7 is a reference to the
rightmost leaf descendant of z; and p is a point of S attached to z. In this way
a and (3 of the root node determine the best square C%;. DS can be built in
linear time from r(vq), r(vs2), ..., r(vg). Initially, there is no p values attached to
any node, they will be attached during the events so that at any moment r(v;),
i € [1..k], is equal to the maximum between the initial value of r(v;) (still stored
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at leaf v;) and max,{y(p) —y(v;)} for all points p attached at nodes in the path
from v; to the root.

Whenever the right boundary of CJ, crosses a black point p of S, we must
update some of the values r(v1),r(va),...,r(vg) and perform the consequent
update of DS. There are two cases to follow according to the relative position
of p and its partner, p’, which is to the right of p. In Fig. 5(b) and Fig. 5(c) we
show these two cases. Observe in the first case (Fig. 5(b)) that we must update
r(v1),...,r(v;) where vq,...,v; are all points among v1,vs, ...,V lying below
the bisector of p and p’ in Lo,. This must be done since from this point forward
the smallest square C'z with bottom-right vertex v;, i € [1..j], must cover point
p that is colored blue and furthest from v; than p’. In the second case (Fig. 5(c)),
we must “discard” the points vj,v;41,..., v, lying strictly above the horizontal
line through p because point p is now blue. We can discard v;, i € [j..k], by con-
sidering r(v;) = 4+00. Observe that in each event we always update the elements
of an interval of vy, vs, ..., vk. Such an update can be done as follows. Consider
the set Z of nodes of two root-to-leaf paths, the first one connecting the first
element of the interval, and the second one connecting the last element. We first
attach a point p to nodes of Z, and to children nodes of nodes of Z, so that
every root-to-leaf path of the tree has a node to which we attach p if and only
if the leaf belongs to the interval. In the first case we attach point p = p, and
in the second case we attach point p = (—oo,+00). If we attach p to a node z
and p(z) was attached before in other update operation, then we select between
p and p(z) the point with maximum y-ordinate as the new attached point to z.
Once p has been attached to those nodes, we perform the following bottom-up
update of every node of Z and every child of a node of Z to which we attached
p. Let z be a node to be updated. Consider z is not a leaf (the case where z is
a leaf is simpler). Let z; and z2 be the left and right children of z, respectively.
We update z by considering two independent cases:

Let Cy (resp. C2) be the square with bottom-right vertex 8(z1) (resp. 8(z2)) and
size a(z1) (resp. az2)). Let C’ be the smallest square between Cy and Cs.

CASE (1): p(z) is not attached or p(z) € C'.

If ' = C then a(z) = a(z1) and 5(2) = B8(21). Otherwise, a(z) = a(z2)
and S(z) = B(z2).

CASE (2): p(2) is attached and p(z) ¢ C'.
a(z) = y(p(2)) —y(v(2)) and B(v) = y(v).

It is not hard to see that the update and query of DS cost O(logn) time per
event. We then obtain that an optimal solution satisfying case a), b), or ¢) can be
found in O(nlogn) time. The time complexity is dominated by the O(n log? n)-
time algorithm to find a solution satisfying case d).

Theorem 6. The MINSUM-Lo, problem can be solved in O(nlog?n) time.
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6 The MINSUM-L, problem

The MINSUM-L4y problem can be solved by considering each possible disk Cr
that contains at least one point from each pair. Then for each election of C'r some
pairs are colored and the other pairs are not. Then we compute the minimum
enclosing disk C'p of all blue points and at least one point of each uncolored pair.
It is easy to see that the computation of C's adapts to the PAIRS OF POINTS L,
1-CENTER problem, and can thus be solved in O(n? polylog n) time (Theorem 5).
This implies an overall O(n® polylog n)-time algorithm.

Given the high running time of the algorithm, it is worth noting that almost
the same O(n)-time approximation of Section 3.2 can be applied to this problem
as well. The only difference is the initial constant-factor approximation used.
We can, again, use the algorithm for the MINMAX-L., problem of Section 2
to compute the initial approximation. It is not hard to verify that the solution
to the MINMAX-Ls problem is a 2-approximation for the MINSUM-Ly problem
Therefore, the solution obtained with the algorithm of Section 2 gives an initial
2v/2-approximation for the MINSUM-L, problem. Adjusting the size of the grid
cells accordingly, exactly the same approach leads to a (14 ¢)-approximation for
this problem, which runs in linear time.

Theorem 7. The MINSUM-Lo problem can be solved in O(n® polylogn) time.
A (14 €)-approzimation can be computed in O(n) time for any € > 0.

7 Conclusions and further research

In this paper we have addressed a geometric optimization problem in the plane
called 2-CENTER COLOR ASSIGMENT problem, with the aim of coloring pairs of
points in order to minimize a function of the radii of the minimum enclosing balls
of the red and the blue points, respectively. First, we stated the motivation of
this problem in a system transportation design scenario. After that, we studied
different variants according to the metric and the objective function used, and
several of them are still far from being closed. Interesting open problems are to
improve the solutions given for MINMAX- Lo problem, MINSUM- Lo problem, and
PAIRS OF POINTS Lo 1-CENTER problem. We are also interested in obtaining
lower bounds results for all the problems studied, and to extend them to higher
dimensions.
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A  Proof of Lemma 1

In this section we prove that Ip N Ipp can be computed in O(nlogn) time.

Proof. We will first prove that the complexity of Ipp is O(na(n)) and can be
computed in O(nlogn) time, where a(n) is the extremely slowly-growing inverse
of Ackermann’s function. Second, we will show how to intersect Ipp and Ip in
nearly linear time. Refer to Fig. A(a) during the proof.

Observe that Ipp is a star-shaped region bounded by r-radius circular arcs,
and the center point of C'g, denoted by u, is a center of Ipp. This holds because
all disks that determine Ipp contain u. To upper bound the complexity of Ipp
we bound the number of arcs of its boundary.

To simplify the analysis, we split the boundary of C; U C5, for each pair of
disks (C1,C2) in Ipp, into six arcs by using the two points a,b in which the
boundaries of C; and Cy intersect, and the other four points that are found
by extending rays from a and b through the center of each disk, as shown in
Fig. A(b). The boundary of Cq U C5 is then split into 6 arcs, each of them is at
most an r-radius semicircle. This generates at most 6n arcs in total. Moreover,
a simple case analysis suffices to verify that each pair of arcs taken from the 6n
arcs intersect at most once. Hencem computing Ipp is equivalent to computing
the lower envelope of a set of arcs, seen radially around u. Since each pair of
arcs intersects at most once, if follows from standard results from combinatorial
geometry that Ipp has complexity O(na(n)) and can be computed in O(nlogn)
time [17].

It remains to compute Ip N Ipp, where Ip has complexity O(n) and Ipp
has complexity O(na(n)). Since both Ip and Ipp are star-shaped with respect
to u, an angular sweep around u allows to keep track of the closest arc to u for
each angle. This gives an O(n«a(n))-time algorithm to compute Ip UIpp. O
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Cr Ipp

Ip

Fig. 6. (a) Ip NIpp. (b) Splitting the boundary of the union of each pair of disks into
six arcs ai,az,...,as, sO that no two arcs intersect in more than one point.

B Omitted proof from Section 3.2

In this section we prove the following lemma, which shows that the approxima-
tion algorithm in Section 3.2 gives a (1 + ¢)-approximation.

Lemma 2. Let Cf and C' be the disks reported by the approzimation algorithm
for some € > 0, and assume that Cp has the largest radius. Then the radius of
C% is at most (14 ¢)r*, where r* is the radius of the opitmal disks.

Proof. The proof is based on the claim that the algorithm (eventually) tries a
quadruple {a,b,c,d} of cells of C satisfying the next three statemens:

(i) the disk C, contains Cr and has radius at most (1 + &)r*.

(t4) the disk C¢ 4 contains C'p and has radius at most (1 + €)r*.

(#33) Cyp and C. q form a feasible pair of disks.

In order to prove the claim, consider the top and bottom points on Cg, that is,
the points with highest and lowest y-coordinates, denoted by p; and py, respec-
tively (refer to Fig. 3). By construction, the cells in C cover all Cg, thus we can
take a and b as the cell containing p; and b, respectively. The diameter of C,
is the diameter of the smallest disk that contains all disks diametrically defined
by one point in @ and one in b. In particular, for two cells that belong to the
same column, like a and b, such circle has d + 2 cells of diameter, where d is the
distance in rows between a and b.

To address (%), notice that C'g has diameter of at least d—1 cells (the number
of cells in-between a and b). Therefore, the maximum difference in diameter
between C,; and Cg equals 3 cells, that is, 3(¢/3) = . Since 1/2 < r*, the
distance between p; and py is at least 1, implying that the relative error in the
diameter is at most ¢.

For addressing (ii), take ¢ and d analogously to a and b, but with respect
to the top and bottom points of Cp. If the radius of Cp is larger than 1/2,
then identical arguments as before apply, and we can conclude that the radius
of C. 4 is at most (1+¢) times the radius of Cg, implying it is at most (1+&)r*.
Otherwise, if the radius of Cp is smaller than 1/2, then it is not always possible
to bound the relative error in the approximation of C'g because Cp could be
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arbitrarily small. However, this is not a problem because the absolute additive
error in the radius is still €/2. Then the maximum possible radius of C. 4 is
1/2 4+ ¢/2 < (1 + e)r*. Note that this is enough for our purposes, because it
implies that the maximum of the radii of Cr and Cp cannot be overestimated
by a multiplicative factor of more than 1+ €.

In order to prove (4i¢), simply note that Cy, 5 and C. 4 include all points in
Cr and Cp, respectively. Therefore, they are a feasible pair of disks.

To complete the proof, note that the pair of disks returned by the algorithm
is at least as good as (Cyp, Ce q)- a

C Computing r(v;) for all ¢ € [1..k]
Lemma 3. Computing r(v;) for alli € [1..k] can be done in O(nlogn) time.

Proof. Compute first r(vx) in linear time. Then sweep, with a point w, the
vertical line ¢ containing vy, va, . .., v from v to vy as follows. For each position
of w, we consider the n critical points of S, which are those that must be covered
by the smallest feasible blue square C; with bottom-right vertex w, denoted by
Ci(w). Each pair of S determines one critical point: if both points are colored,
then the blue one is the critical point. Otherwise, if the pair is black, then the
critical point is the element of the pair lying not below w that minimizes the
distance to w. Then we keep a priority queue IT over the critical points where the
priority of each of them is its distance to w. At any time, Cz(w) is determined
by the critical point with maximum priority. Observe that when we move a bit
w downwards to point w’, the priorities of some critical points (denoted by set
Py) remain unchanged, and the priorities of the remaining ones (denoted by set
P,) increase in y(w) —y(w’). Then IT is made of two independent priority queues
II, and Il for the sets P; and Ps, respectively. If r; is the maximum priority
of ITy and r5 is the maximum priority of Il5 then the maximum priority of IT is
equal to max{ry,rs + y(vr) — y(w)}. Queues IT; and IT, change whenever point
w crosses an intersection point of £ with: () a horizontal line through a point p
of S, (i7) a line with slope —1 through a point p of S, or (i) the bisector in L,
of a pair (p,p’) of S. In case (i) we proceed as follows. If the pair p’ of p, which
is above w and stored in II; or II5, is furthest from w than p then we remove p’
from the queue in which it is stored and insert p with priority z(w) —x(p) in I1;.
In case (i), point p is stored in IT; and we then remove p from IT; and insert
it in IT, with priority y(p) — y(vx). In case (4i7), assuming w.l.o.g. that p is the
critical point which must belong to I1s, we remove p from Il and insert p’ in
IT; with priority z(w) — z(p’). It is thus easy to see now that this sweep can be
done in O(nlogn) time, allowing computation of r(vg_1),r(vg_2),...,7(v1) in
this order. a



